A note on factored infinite series and trigonometric Fourier series
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Abstract. In this paper, we have proved two main theorems under more weaker conditions
dealing with absolute weighted arithmetic mean summability factors of infinite series and trigono-
metric Fourier series. We have also obtained some new results for different absolute summability
methods.
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1. Introduction.
Let " a, be a given infinite series with the partial sums (s,). By u% and t& we denote the nth
Cesaro means of order a, with a@ > —1, of the sequences (s,) and (na,), respectively, that is (see

[20])
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where

A0 — (a+1)(a +n'2)....(a+n) —0m®), A%, =0 for n>0. )

The series ) a,, is said to be summable |C, «, ,k > 1, if (see [22], [24])
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If we take o = 1, then |C, |, summability reduces to |C, 1|, summability. Let (p,) be a sequence

of positive real numbers such that

Pn:ZpU%oo as n—oo, (P_,=p_;=0, i>1). (4)
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The sequence-to-sequence transformation
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defines the sequence (v,,) of weighted arithmetic mean or simply the (N , pn) mean of the sequence
(sn), generated by the sequence of coefficients (p,) (see [23]). If we write X, = >."'_, P>, then
(X,) is a positive increasing sequence tending to infinity as n — oo. The series > a,, is said to

be summable |]\7,pn|k, k> 1, if (see [2])
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In the special case when p, = 1 for all n (resp. k = 1), |N,py,|r summability is the same as

% and k = 1, then we obtain

|C, 1| (resp. |N,p,| (see [30]) summability. Also if we take p,, = -

|R,logn, 1| summability (see [1]).

For any sequence (\,) we write that A2)\, = A\, — A\,4+1 and A), = A\, — A\n11. The sequence
(An) is said to be of bounded variation, denoted by (A,,) € BV, if Y7 | AN, | < oco.

2. The known result. Many works dealing with the absolute summability factors of infinite
series and Fourier series have been done (see [3-5, 7-19, 25, 27-29, 31-34]). Among them, in [12],
the following theorem has been proved.

Theorem A. Let (X,,) be a positive increasing sequence and let (p,) be a sequence of positive

numbers such that

P, = O(npn) as n — oc. (6)
If the conditions
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hold, then the series Y a, A, is summable | N, p, |,, k > 1.
Remark. It should be noted that, in Theorem A, there is a restriction on the sequence (p,).

Therefore, due to restriction (6) on (p,) no result for p, = —L= can be deduced from Theorem A.

n+
3. The main result. The aim of this paper is to obtain a further generalization of Theorem A



under weaker conditions. In this case, there is not any restriction on the sequence (py,). It is clear

that (6) and (9) imply that

Z n|X7|k_1 =0(Xy) as m — oo. (10)
n=1 n
Also (6) implies that
m P,
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It should be remarked that (6) implies (11) but the converse needs not be true (see [26]).

Now we shall prove the following general theorem.

Theorem 1. If the sequences (X,,), (A,), and (p,,) satisfy the conditions (7)-(11), then the series
S ap, is summable |N, p,|x, k > 1.

We need the following lemma for the proof of Theorem 1.

Lemma ([6]). Under the conditions of Theorem 1, we get
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4. Proof of Theorem 1. Let (7},) be the sequence of (N, p,) mean of the series > a,\,
Then, by definition, we have
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Then, for n > 1, we get
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Applying Abel’s transformation to the right-hand side of (16), we have
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To complete the proof of the theorem, by Minkowski’s inequality, it is sufficient to show that
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k < oo, for r=1,2,3,4.

Firstly, we have that
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by the hypotheses of the theorem and Lemma. Also, as in 75, 1, we have that
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Again, by using (11), we obtain that
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by the hypotheses of Theorem 1 and and Lemma. Finally by using (11), as in T}, 1, we have that
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This completes the proof of Theorem 1.
If we take p,, = 1 for all n, then we obtain a new result dealing with |C, 1|, summability factors of
infinite series. Also if we set k = 1, then we obtain a new result concerning the | N, p,,| summability

factors of infinite series. Finally, if we take p, = % and k = 1, then we obtain a new result for

n+

|R,logn, 1| summability of factored infinite series.

5. An application to trigonometric Fourier series

Let f be a periodic function with period 27w and Lebesgue integrable over (—m, 7). The trigono-

metric Fourier series of f is defined as

1 o0 ) o]
f(z) ~ 540 + Zl(an cosnx + by sinnz) = ZOATL(:L’)7
where
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Write ¢(t) = 3{f(z +t)+ f(z — 1)}, and ¢a(t) =% fot(t —u)* to(u)du, (a>0).

It is known that if ¢1(t) € BY(0,7), then ¢,(z) = O(1), where t,(z) is the (C,1) mean of the
sequence (nA,(z)) (see [21]). Using this fact, we have obtained the following theorem dealing with
trigonometric Fourier series.

Theorem B ([12]). If ¢1(¢t) € BV(0,7), and the sequences (p,), (\n) and (X,) satisfy the
conditions of the Theorem A, then the series Y A,(z)\, is summable | N, p, |, k > 1.



Now, we can generalize Theorem B under weaker conditions in the following form.

Theorem 2. If ¢ (t) € BV(0, ), and the sequences (p,), (An), and (X,,) satisfy the conditions of

Theorem 1, then the series Y Ay, (), is summable |N,p,

| k> 1

In the special cases of (p,) and k as in Theorem 1, we can obtain similar results from Theorem 2

for the trigonometric Fourier series.
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