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ABSTRACT. The aim of this work is to develop quantum estimates for g-Simpson type integral in-
equalities for co-ordinated convex functions by using the notion of newly defined g1 g2-derivatives and
integrals. For this, we establish a new identity including quantum integrals and quantum numbers
via q1g2- differentiable functions. After that, with the help of this equality, we achieved the results
we want. The outcomes raised in this paper are extensions and generalizations of the comparable
results in the literature on Simpson’s inequalities for co-ordinated convex functions.

1. INTRODUCTION

Simpson’s rules are well-known techniques for the numerical integration and numerical estimation of
definite integrals. This method is known to be developed by Thomas Simpson (1710-1761). However,
Johannes Kepler used a similar approximation about 100 years ago, so this method is also known as
Kepler’s rule.

Simpson’s quadrature formula (Simpson’s 1/3 rule) is stated as:

[ stoae= 25 ot 110 (457 +ot0)].

There are a large number of estimations related to these quadrature rules in the literature, one of them
is the following estimation known as Simpson’s inequality:

Theorem 1. Suppose that ¢ : [«, 5] — R is a four times continuously differentiable mapping on («, 8),
and let “¢(4)“ = sup ‘¢(4)(%)‘ < co. Then, one has the inequality

»€(a,B)
1 [¢(e) + 6(8) a+p L7 U@ 4
3{ > +2¢( 2 )}_5—a/a¢(%)d%<2880H¢ | -

In recent years, many authors have focused on Simpson type inequalities for various classes of
functions. Specifically, some mathematicians have worked on Simpson and Newton type results for
convex mappings, because convexity theory is an effective and strong method for solving a great
number of problems which arise within different branches of pure and applied mathematics. For
example, Dragomir et al. presented new Simpson type results and their applications to quadrature
formulas in numerical integration in [14]. What is more, some inequalities of Simpson type for s-convex
functions are deduced by Alomari et al. in [5]. Afterwards, Sarikaya et al. observed the variants of
Simpson type inequalities based on convexity in [35]. For more recent results, one can read [16,20,34].

On the other side, in the field of g-analysis, many studies have recently been carried out, starting
with Euler owing to a vast requirement for mathematics that models quantum computing g-calculus
occurred for the relationship between physics and mathematics. In different areas of mathematics,
it has numerous applications such as combinatorics, number theory, basic hypergeometric functions,
orthogonal polynomials, and other sciences, mechanics, the theory of relativity, and quantum the-
ory [17-19,21,23]. Apparently, Euler invented this important mathematics branch. He used the ¢
parameter in Newton’s work on infinite series. Later, in a methodical manner, the g-calculus that
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knew without limits calculus was firstly given by Jackson [17]. In 1908-1909, the general form of the
g-integral and g-difference operator is defined by Jackson [21]. In 1969, for the first time Agarwal [3]
defined the g-fractional derivative. In 1966-1967, Al-Salam [6] introduced a g-analog of the ¢-fractional
integral and g-Riemann-Liouville fractional. In 2004, Rajkovic gave a definition of the Riemann-type
g-integral which was generalized to Jackson g-integral. In 2013, Tariboon introduced ,., D,-difference
operator [7]. Recently, in 2020, Bermudo et al. introduced the notion of # D, derivative and integral [9].

Many well-known integral inequalities such as Holder inequality, Hermite-Hadamard inequality,
Simpson’s inequality, Newton’s inequality, Ostrowski inequality, Cauchy-Bunyakovsky-Schwarz in-
equality, Gruss inequality, Gruss- Cebysev inequality and other integral inequalities have been studied
in the setup of g-calculus using the concept of classical convexity. For more results in this direction,
we refer to [1,2,7,8,11,13,15,17-19, 22, 25, 26, 29-33, 36, 38-43].

Inspired by this ongoing study, we establish some new quantum bounds for g-Simpson’s type in-
equalities for g-differentiable co-ordinated convex functions. This is the primary motivation of this
paper. The ideas and strategies of the paper may open new venues for further research in this field.

2. PRELIMINARIES OF ¢-CALCULUS AND SOME INEQUALITIES

In this section, we present some required definitions and related inequalities about g-calculus.
Throughout the paper, we consider that 0 < ¢,q1,¢q2 < 1, a < 3, v < 6, and A = [, 8] x [7, 6] C R
We have to give the following notation which will be used many times in the next sections (see, [23]):

i, = L=
n], = :
a7 g1
Definition 1. [37] We consider that a function ¢ : [a, 8] — R is continuous. Then, the q,-derivative
of ¢ at x € [, B] is defined in the following way;

_ () —9(ex+(1—-qa)
(1-q) (¢ —a)

If we assume 3 = a in (2.1), we define ody¢ (@) =lim, .o odg@ (3¢) if it exists and it is finite.

(2.1) alq® ()

, xF .

Definition 2. [37] We assume that a function ¢ : [a, 5] — R is continuous. Then, the q.-definite
integral on [a, f] is defined as:

(22) [or) st == (=) 3 a6 ("t (1= 4" )
° n=0
for s € [a, B].
Moreover, we give the succeeding lemma which is necessary to prove the key results of this paper:
Lemma 1. We have the equality

B
u B (6 _ a)a+1
&/(%_ a) adq% - [a + 1}(1

fora e R\ {-1}.

In [7], Alp et al. established the succeeding quantum integral inequality of Hermite-Hadamard type
for the convex functions in the developing of g-calculus:

Theorem 2. (q.-Hermite-Hadamard inequality) We assume that a function ¢ : [, 8] — R is convex
differentiable function on [, 8] and 0 < ¢ < 1. Then, we have the succeeding inequality:

B
TETADEE 40 (a) +6(9)
(23) ¢( >§f3‘%/¢(%) wdy < |

2],
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In [7] and [30], the authors offered some estimates for the right and left hand sides of the inequality
(2.3).

On the other side, Bermudo et al. gave the following new definitions and related Hermite-Hadamard
type inequalities in quantum calculus:

Definition 3. [9] We consider that a function ¢ : [a, 8] — R is continuous. Then, the ¢°-derivative
of ¢ at »x € [, B] is defined in the following way;

¢ () — d(qre+ (1 —q) B)

(2.4) b () = P

» # B

If we consider s« = in (2.4), we define odq¢ (B) =lim,, .53 odqo () if it exists and it is finite.

Definition 4. [9] We assume that a function ¢ : [a, 5] — R is continuous. Then, the q°-definite
integral on [a, (] is defined as:

/B o0
/ (1) Pdgr =(1—q) (B3 q"6(¢"5+ (1—q") )

b n=0

for » € o, 5]

Theorem 3. (¢°-Hermite-Hadamard inequality, [9])We assume that a function ¢ : [o, 8] — R is
convez differentiable function on [a, §]. Then, we obtain the succeeding inequality

B
a+qpB 1 ¢ (@) + 99 (B)
(2.5) p < /¢ () Bdyze < 2N 905
2], B—a ! 2],
e
In [10], Budak offered some estimates for the right and left hand sides of the inequality (2.5).
In [28], Latif defined go~-integral and partial g-derivatives for two variables functions as follows:

Definition 5. We suppose that a two variables function ¢ : A — R is continuous. Then, the definite
Gay-integral on A is defined by

//w,a) o odpr = (I—q) (1= ) (=) (y — )

XD > aras e (aix+ (1—g) a8’y + (1 - ¢5")7)

n=0m=0
for (5¢,y) € A.

Lemma 2. [24] If the assumptions of Definition 5 hold, then

y y 1
/ O(1,0) odg, T 4dg,0 = / / O(T,0) adg, T 1dg,0 — / o (T alg, T ~dg,0
y1 S v Ja a

/211
) > Y1 P
/ / ¢(T70‘) ad!hT ’Ydlha _/ / d)( dtnT dtZzU
v Ja ¥ «

Y 71 71
—/ & (T,0) odg, T ,quQO'-i-/ / o(r alg, T 4dg,0.
v Ja a
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Definition 6. /28] We consider that a two variables function ¢ : A — R is continuous. Then, the
partial q1-derivatives, go-derivatives, and g1qa-derivatives at (32,y) € A can be given as follows:

oza 1¢(%7y) _ ¢(%7y)7¢(Q1%+(17QI)O‘,y)
v Py e
10,0 (5,y) o, y) — (e, oy + (1 — q2) )
v0g,y B (1-q2)(y—") VET
o 105 00 Gy) 1

Bt Oy @ - (g (=g T WF e eyt me))

+¢ (5 y) —d (e + (L—q1) a,y) — 9 e,y + (1 —q2) )], % #a, y #7.

For more details related to g-integrals and derivatives for the functions of two variables (see, [28]).
On the other side, Budak et al. gave the following definitions of ¢, qg and ¢?° integrals:

Definition 7. [12] We suppose that a two variables function ¢ : A — R is continuous. Then, the
following ¢S, qﬁ, and ¢ integrals on A are defined by

x 0 0o P
//wm) g0 adgT = <1—q2><5—y>Zq?/¢<r,qyy+<1—qy>5> oy
a y m=0 «@

(1-q) (1 —gq2)(>x—a) (6 —y)

XYY gy i+ (1 —qf) o, g5’y + (1 — g5") 6)

n=0m=0

(2.6) ¢(1,0) ydg,o Pdgyr = (1-q1)(1=q2) (B—23)(y—7)

No—
4\:@

x> Y atasd(aix+ (1—af) a5y + (1 - a5)v)

n=0m=0

and

B s
2.7) / / 6(1.0) Py Pdyr = (1—a)(L—a)(B—) (6—7)

XY N qtay (g + (1—q) B, g5y + (1 — g5") 8)
n=0m=0

respectively, for (s,y) € A.

Theorem 4. (q1q>-Hélder’s inequality for two variables functions, [28]) Let s¢,y > 0, p1 > 1 such that
1,1

= 4+ =+ =1. Then

P1 T1

1

> y x Yy ﬁ » Y 1
] |¢<x,y>G<x,y>|dql%dq2y<(/ / </><%,y>|”1dqmdq2y) (/ | |G<%,y>|”dq1%dq2y) .
0 0 0 0 0 0

In [4], Ali et al. gave new definitions of partial ¢;ge-derivatives in the following way:
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Definition 8. [4] Let a two variables function ¢ : A — R be continuous. Then the partial q;-
derivatives, go-derivatives, and qiqa-derivatives at (s¢,y) € A can be given as follows:

ﬁam d) (%7 y)

B0y,

66‘12¢ (%7 y)

ﬁafhy

504831,112qS (%’ y)

048111 n 68!123/

Bo2 0 ()

Batn% +04,y

5008 4.9 (4 y)

491,92
Bath x 68!12 Y

188(]1 d) (%7 y)

BO,, »

68‘11 (b (%7 y)

ﬁa%y

(e ’yaghq2¢ (%7 y)

aOg, 7 404,y

¢+ (1 —q1) By) — ¢ (51,9)

0—a)(- ) Rty
(5, 0y + (1 —q2)0) — ¢ (52, )
0-w (-9 07 Y
1

[0 (qse+ (1 —q1) @, g2y + (1 — g2) 6)

(x—a)(0—y)(1—-q) (1~ q)
¢+ (1—q1)a,y) —d(6,qy + (1 —q2)6) + ¢ (50,9)], x#a, y#0,

1

(B=5)(y—7)(1—aq)1-q) [¢ (e + (1= q1) B2y + (1 - q2)7)

¢ (qre+(1—q1)B,y) —d(6,qy + (1 —q2)7) + ¢ (30,y)], 2 # B, y# 1,

1
(B=3)0-y)(1—q)1—q) [¢(q1¢+ (1 —q1) B, 29 + (1 — q2) 0)

—¢(urx+(1—q1)B,y) —d (6, 2y + (1 —q2) 6) + ¢ (56,9)], 2 # B, y # 0,
¢ (,y) — ¢ (e + (1 — q1) B,y)

) (e D) et
¢ (5, y) — ¢ (51, 2y + (1 — q2) )
0 a2) (y— ) VET
1

= (A —q) (=g @+ L a) sy + {1 =a)7)

—¢(x+(1—q)o,y) —d(r,qy + (1 —q2)7) + 0 (50,9)], x#a, y#7.

3. CRUCIAL LEMMAS

In this section, we offer a new identity involving the quantum derivatives, quantum integrals, and
quantum numbers. Moreover, we give some calculated quantum integrals.
Let us start with the following useful lemma.

Lemma 3. Let ¢ : A — R be a twice partially qqgo-differentiable function on A°. If the partial

q192-derivative
q192-integrals:

(31) P Ty

- wawaw[fﬁixmﬂA@w> .0

B, 652
041,40 9(7,0)
B0y 7 20gy0

18 continuous and integrable on A. Then the following identity holds for

5502 6 (rat (1— 1)o7+ (1 - 0)0)
B0y, T 00y,0

dg, T dg,0,
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where
b 5Iq17q2 (®)
1 a1 [4], a+qf a+aqp
_ 1 , 4 5
[6]q1 [6](12 { g ¢ ( [2](11 'Y) + q1 [ Ln ¢ < [2](11 )
a+qfB y+q@d) | e, v+ g2 v+ q20
ot (2 25728 o e (o 252 et (0352
+¢ (a,7) + o (B,7) + q2¢ (o, ) + q1q20 (5, 0)
192 [6]41 [6}112
_ 1 ? 2 Y + g2 8
T, [¢ Cen + @ W, 0 <”’ 2, ) ol 5)1 o
_ 1 ° 2 a+qf 5
7192 [6],11 (5 _ ’Y) [y |f]1¢ (va) + QI [4}q1 QS ( [2]q1 7y> + d) (aay)] dqu
1 B p s
+q1q2 (ﬁ_a) (6—’)/) /a /Y (ZS(%,y) d(Il% dqu
and
M@={ E re gt
q1 -
rom e |t
Ag, (0) { " [[56]]1“2’ i [O’ [21142)
q2
o— [6]32, S [ﬁﬂ]

Proof. Because of the Lemma 2 and Definitions of A4, (7) and Ag, (o), it is easy to see that

Lo 5008 o (rat (1—1)B,07+(1-0)d)
91,92 ?
62 [ [ r@i.@ B0 Ao do

_ ([5]q2—1) ([5]q1—1) H/H 5092 b (ra+(1—7)B,0v+(1—0)d)

[6]q1 [6]112 0 0 ﬁalh’r 68{120 dthT dqza
+[5]q1 1 /[z]ql /1 o [5],,, B 5631,@(;5(7'04—}—(1—7’)6,07—!—(1—0) 6)dq17' 0o
6], Jo 0 [6],, B0q, 7 °0g,0
+[5]q2 -1 /1/[21412 o [5]q2 B 5631’q2¢(704+(1—7)6,074—(1—0) 6)dq17 do
6], Jo Jo (6], 04,7 90g,0

Fr( Bl Bly, | % %02 0,0 (ra+ (1 - 1) 8,07+ (1 - 0)0)
+~/O ~/0 (T a [6} > (U_ [6} ) ﬁaqlT 56(120- dl]lT dQ2J'

= II+I2+I3+I4.
By considering the Definition 8, we have
)6 _ B
092 Lo(ra+(1—1)8,07+(1-0)0)
BOy T 00y,0

1
1-—q)1—qg)B-a)(d—-7)T0 [0 (rqra+ (1 —7q1) B,0627 + (1 — 0g2) 9)

—¢(rqpat+ (1 —7q1)B,07+ (1 -0)d) —¢(ra+(1-7)B,0027+ (1 - 0g2)0)

+éd(ta+(1—7)B,07+ (1 —0)9)].
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It is necessary to compute the integrals in the right side of (3.2) to conclude the proof. By using the
definition of ¢;¢o-integrals, we obtain that

e 5002 6 (ra+ (1—1)B,0v+ (1—0)0)
(8:3) / / 56(117- 8q20- dg, T dg,0
2]‘11 q2
B (Tqra+(1—7 ;0927 + (1 —0g2) 0
(1—q1)(1—q2 B—a)(— 'y/ / qoa+(1—7q) 3,007+ (1 — 0g2) 0)

—¢(rqat+ (1 —71q1) 8,07+ (1—0)8) —¢(ra+(1—7) 8,007+ (1 — 0g2) 5)
+op(ra+(1—7)B,07v+ (1 —0) 5)] dg, T dg,0

“ o s S (e (8 (B
> zé(

n+1 q2 B qu
n=0m=0 < )67 [ ](12 (1 [2](12> 5

_;)n;)¢< a+<1 2‘1)5,%”“ (1_(1[;]:1>6>
22( o (o)l (i)

_ a+qf Y+ g2 a+qff v+ qd
- a9t [W . ¢< 2, ’5> ¢<5’ 2, >+¢< 2, o, )]

For that reason, we obtain that

_ ([5](11_1) ([5](12_1) a+q v+ q26 a+qf v+ qd
" 6, 6, - 6 ) [¢<g,5>_¢< 2, ’5>‘¢’<5’ ) )”’( o, " P, )]

Now from Definition 7, we obtain the following

Bl 15007 L6 (rat (1-7)B,07+ (1-0)d)
(3.4) / / By, T 0 5420 dg, 7 dg,0
[21q1
- (1—(11)(1—q2 B—a)— 7/ / ¢(rqra+ (1 —71q1)B,0927 + (1 — 0g2) 6)
0
—¢(rpa+ A -71q)B0v+ (1 -0)0) —¢(ra+(1-7)B 007+ (1-0g0)d)

+¢(m+(1*T)B,av+(1*0)5)]d17d20

B 1 i i qm ¢ q{l—HO‘ + 11— n+1 B8, q m+1 (1 _ qm—i-l) 5
(B=e) (0= |15 ’ 2], [Q]q1 4 2
*iiqm ¢ q?+1a+ 17‘1?+1 B, gy + (1 — gi") 6

n=0m=0 ? [2]q1 [2]111 142 2
B Z Z s | @ ai a+|1- B, ml, (1 q;’”rl) 5
n=0m=0 [Q]QI [ ]q
S g 9 a - n
+Z:Omz::0q2 <¢ <[Q]qla+ (1 - [2]q1> Byaq"y + (1 — g5 )5))}
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_ (5{2% lz(b(fh O[Jr(l‘ﬁ > Lty (1 - q£n+1)5>

> (o (e (gl samaans) )

+Zf1§" [Z¢<;ﬁla+ (1_[2q]1> B,qé"7+(1—fé”)5>

q1

_Z¢<Q?+1a+<l_q?+l>5qm _,'_( )§>‘|}
2], 2, )7

= (B— {Z 050 (Bras Ty + (1 -5 *) Z 2'¢ (B,q5"y + (1 — 3") )

m=0

+ " ap (a LB a1 - q£”)5> - @ (a[;]qlﬁ,qé"“wr (1—-g¢*) 5) }
q1

m=0 ]QI m=0

— 1 I_QQ = m m . m _i
= (ﬁ—a)(5—v){ m n;@qﬁ(ﬁ,qﬂﬂl q5") 0) qub(ﬁm)

l—ga =~ o, [t aB m 1 [atqp
- P Z qa ¢ < [2]q1 42 7+ (1 b) )5> + q72¢ < [2]q1 77)

m—0

B 1 1 6 s, 1 * fataB s
T B-a(-9) lqz(év)L¢(ﬁ’y> oY qQ(5v)L¢< 21, y) ot

1 I (a+qp

q1

By using the similar operations used in (3.3), we have

/ /lﬁ 202 6 (ra+ (1—7)B,0y+(1—0)0)

BaihT 581}20

_ a+qf3 _ a+qif
- =t [‘W’) ¢< 2, ’5> W’”“ﬁ( 7, 7)1

From (3.4) and (3.5), we obtain that

) 1 5 5 1 O (a+aqp 5
<5_7>{q2<5_7>l o0 o= | ¢< .. y) d”y}

(3.5) T dg,0

I

Similarly, we have

B [5]q2_1 ) 1 A %’H—CJz(S By
b= wLB-ae- w{ql fa/‘/) ) q1<6a>/a¢<’ qu) dql}




NEW QUANTUM BOUNDARIES FOR ¢-SIMPSON’S TYPE INEQUALITIES

+
@ [6]111

[5]112 —1 Y + Q25 . o
MGG [‘b (“’ 2, > #§ "”}

161, 1]

Moreover, we have

(3.6)

and

(3.9)

[5]q1 ([5]q2_1) l¢ (ﬁ ’Y+Q2(5> _¢(B (5)]
—|°\7 9]

e (B—) (6 21,

¢ (ra+(1—7) 8,07+ (1—0)d)

q1,92

13, 582
/ / B0y T 00g,0

m[qﬁ(ﬁ ,0) = ¢ (a,8) — o (B,7) + ¢ (a,v)],

dg, T dg,0

// G002 Lo(rat(1—1)B,0v+(1—0)0)
0

ﬁafZlT 68¢J20

B (ﬁ—a)(5 w{qm v/¢6y

“ota

(ra+(1-=7)8,0v+(1—0)9)
dg, T dg,0

/ / 5003 40

B0y, T 00g,0
1

B (ﬂ—a)(5 7){

dg, 7 dg,0

1 5
m/ ¢ (a,y) 6dq2y
¥

B
- B
o _a/wa dg, ql(ﬁ_a)L¢(%,7) dq,

o8+ Solam)

/ / TUB 5831[12 Ta—i-(l—T)ﬂ,U’y—l—(l—U)(S)d qu20

RN {

- Z Z%‘b ¢

m=0n=0

- Z Zlhqgnﬁb

m=0n=0

+ZZQ1Q2

m=0n=0

ﬁa‘JlT 68(120

> Zq?qg‘qb a+ (1—qi*h) B gd ™y +
m=0n=0
Ya+ (L—git™) B, a5y + (1—¢5")6)

o+ 1—q) B e v+ (1-¢) )

(@fa+(1—qi) By + (1 —q3" )5)}

+(1-

') 9)
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eI {qm [Z S atao (afoct (L—aD) B3y + (1= 45')0)

m=0n=0

=Y @ d (g y+ (1—a5")6) = Y ard(gia+ (1—af)B,7) +¢ (ow)}

m=0 n=0

1 oo o0
- [Z > qtas e (qha+ (1—qf) B,a5y + (1 — g5") 6)
m=0n=0

—Zq%"qﬁ @, g5y + (1 - g3") 0)

1 o0 oo
- — [Z > qrasé (aha+ (1—qf) B,a5'y + (1 g5") 6)

Q2m0n0

—Zqi’aﬁ gra+(1—q7)B,7)

+ZZq 456 (qFa+ (1 CJ?)ﬂ,ngJr(l—qu)}

n=0 m=0n=0
1 (1 Ch)
= o (gta+(1—qi) B¢y + (1 —q3") 0
(604)(67){ 4102 27;)12¢ 1 1) 'Y+ ( 2')0)
1-q 1-—q 1
43" (o, g5y + (1 —q3") 0) — o (@ia+(1-4i)B8,7)+ —9¢(aq,
012 mZ:o 2 27 =+ ( 2) ) g nz;) 10 (g7 ( 1) B,7) 02 ( 7)}

1 1 B 6 , .
(5_04)(6—’7){qqu(ﬂ_a)(a_,y)/a L ¢(%,y) dq1% dq2y

1 4 s 1 A 5
o My s [ 06en) Pt oty )}.

From (3.6)-(3.9), we obtain that

5
= (ﬂ—a)1(5—7){qlqz(ﬁ—la)(é—v)/j/ 8 Cey) Py Py
—ml_a/%w o =, o
[ZtQ @ ( / ¢ (07) Pdoyx q1qz 5 WL
e o e B P
¢ (a,7) [5],, [5] [5]q2 [5],,

waldl, 6, 6,0, 0"

Now, the calculated integrals (I1) — (I4) yield

o (a,0) +

PRGNGR ¢ (B, 7)} .

42 (6], (6],

L+L+1Is+ 1,

_ 1 ald, (a+ap a+qf
= W, 0, -0 { P ¢< 2, ’”) * a1 ¢< 2, ’5>

a+tqB v+agd) 2, v+ g2d Y+ g0
e [4}%‘;5( o, P, )* - ¢<“’ 7., >+q2[‘”@¢’<ﬁ’ 2, )}

¢ (a,) +q16 (B,7) + g2 (, 0) + q1q20 (3, 6)
7192 [6],, 6], (B —a) (6 —7)

3 1 B o 9 o ¥+ q20 p Bd 5
ARy l‘b( e M”( R >+m( ’5)1 N

+
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4
e (ﬁla)(57)2/ [qlaﬁ(ﬂ, y)+ ¢ 4], gb(a[;r]qlﬁ,y) +¢(a,y)1 2dg,y

1 B o
+QIQZ(6—O¢)2(6_7)2[; L ¢ (s,y) Pdg, ¢ Odgyy

and multiplying the resultant one with (8 — «) (§ — ), we obtain the desirable equality (3.1) which
accomplishes the proof. O

Remark 1. Under the given conditions of Lemma 3 with q1,q2 — 17, we obtain the succeeding identity

¢(a+6 )+¢(a-2-,875>+4¢(a+6 7+6)+¢(a 'y+6)+¢(5,7+6>

(3.10) :
& (0,7) + ¢ (2, 6) + ¢ (8,7) + 6 (B,0)
N 36
L ’ y+4
6@—&%L{¢W”)“w< 5 )+¢w5ﬂ
5
—6(51—7)/7 {¢(a,y)+4¢ (Oé;rﬁy> +¢(6,y)} dy
1 B8 ro
+m//¢(%,y)d%dy
= (B—a)(d— 7// 82¢(7a+(1—877)g;07+(1 )5)de0
where
\ {T—a re o)
(1) = . )
T—3% 7€[31]
and
N R RO
-3 ocli]

which is proved by Ozdemir et al. in [34, Lemma 1].
For reasons of brevity, let us prove another lemma that we will use frequently in our transactions:

Lemma 4. The following g-integrals hold:

! 1 , (21212 +q[3], (6]
(3.11) Ai(q) = O/T T—@ dym =¢q ( [2]2[3](1[62 >7
&n 2 2
2121213] 6] —2q|2 1 3| 6
312 A= [ (=7 dq7=q< 2, B, B, q[[2]]§[;([6]3+q AR HQ>,
(3.13) Asq) = /TT_ﬂQ%T

2¢% 22 [5]) — (q+ 3> +5¢° + 6" + 4¢° + 2¢°) [6]2
121, 3], 6]

q q

)
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(314)  Aug) = /

) 2], 3], [6]; YT eRe,  ePE,
CoE 1|, 2aRR+ (62 - 220,
(3.15) s = [T | T
oo, (k) - (1) 2,
(3.16) Ag (q) & — @ dgT [2}2[6]5

1
Ai(q) = /7’ T—W d,T
A q
1 1
= T — 7| d, 7+ 77— — | d,T
O/ ([qu > ! / ( [6]q> !
o,

Similarly, the ¢g-integrals (3.12)-(3.16) can be obtained and the proof is completed. O

4. SOME NEW @;G2-SIMPSON’S TYPE INEQUALITIES

In this section, we prove some new quantum boundaries for quantum Simpson’s inequalities using
the Lemma 3.

Theorem 5. We assume that the conditions of Lemma 8 are satisfy. Then, we obtain the succeeding
P 007 4, 8(70)

inequality provided that | —5*%5——| is conver on A
a1 a2

8,69
(41) T @] < (5 0) (6 =) (s ) + Aa (0) (A a2) + ()| 5 )
5’58%,!12¢ (a’ 5)
BOy T 90y,0
3166(117112921) (ﬁa 7)
681117- 681120

/B’éaqhqz(ﬁ (8,0)
5(9417— 581120 -

(AL (@) + As (00) (Az (a2) + As (02)) \

T (As (@) + As (@) (As (a2) + As (02)) \

+ (A2 (q1) + As (q1)) (A2 (g2) + Asa (g2)) ‘
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Proof. By taking the modulus of the identity in Lemma 3, because of the properties of the modulus,
we find that

(4.2) | T, 0, (9)|

11 B, 852 T —-7)8,0 —0)d
< G-06-2 [ [ 1t 01 plratU-7)for+ {1 -0)d)

41,92
§
B0, T °0g,0

dg, T dg,0.

B, 6§92
aql‘q2¢(‘r,a)
B8, T 90qy0

Using the convexity of , the inequality (4.2) becomes

(4.3) 0Ty, 45 (9)]
Bs 53317(12(;5 (,07+ (1 —0)9)

1 1
< (F-0)(-7) [ 200 V Ay, <r>{r 9 36,0
, 6 _
5892 &(B,07+ (1—0)0) }dq;] doro

B0y, 7 00g,0
Now, we compute the integrals appeared in the right side of the inequality (4.3)

[ sof-

+(1-7)

8,092 $(a,ov+ (1 —0)d)

41,492
5
BOg, T 00g,0

B, 5831’,12(;5(6,07 +(1—-0)9)
[38(117' ‘sanO'

+(1-7)

}dqlT

_ /[21]q i T—i B, 68317q2¢(a,0"/+(1_g)5) 7—

0 [G]q BaqlT 66q20' q1
R 1 ||7002 ,¢(B,07+(1-0)d)

+/; (177') T*@ BaqlT 6(9q20' T

Y I G A PRI R S LI B
ﬁ [G}q ﬁaql’r 68q20' q1

Jr/;]q (1—-7) 7@ o 56217112¢(ﬁa07+(1—0)5) i,
0 (6], By T 00,0 T

From (3.11)-(3.14), we obtain that
5
B 92 ot (o +(1—0)0)

1
A
/0 o (7) {T 5&117 68!120
5992 p(a,ov+ (1 —0)0)

41,92
§
B0y, 7 20g,0

B, 6831,(12(?(5,0’7 +(1—-0)9)
BOy, 7 00g,0

+(1-7)

000 Bt (-0)d)|
68‘117 68(120 “

(A1 (q1) + A3 (q1))

+ (A2 (q1) + As(q1)) -
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Thus, we have

|7 T4 4 (9)]

1 B, 552 ,ov+(1—0)8
< (B-a) (5—’7)/0 Ag, (o’)[ qhqz;ﬁa(;:gaqa( o) 6) (A1 (q1) + A3 (q1))
. B, 5831’q25(9(ﬂ;033+§1_0) 9) (As (q1) + As (ql))] dg,0
q1 q2
1 8, 692 7 B, 892 ,0
< F-a)G-7) [ 2@ Ho ~ PO | L nf (00
q1 q2 e 92

B 092 L9 (B,7)
B0y, T 0040

Bog2 L0 (B,0)
B0y, T 00g,0

/DL 1
g |0 — —
0 (6],

+(1-0)

x (A1 (q1) + A3 (q1))} + {a
X (Az (q1) + Aa (1))} dgy0

B, 652 a,
= (B-a)(0—7) (A1 (@) + A3 (q1)) l 7000 (@)

d,, o
BOy T 00y,0 &

5008 0 8)| el PRGN [5]
q1,92 ’ q o - q1,92 ) _ g
e |, 09| |+ | /[;]” 7,

Fog2 o (a,0) /1 [5]
LA s 1—0)|o— =t|dg,0o
e VR R
A392 L0 (8| B 1
_ _ 41,927 N7 T/ a o
+(B—a)(d 7)(A2(Q1)+A4(Q1))l 50y, 0,0 /0 olo 6], dg,0
8902 ,0(B,8)| B 8092 Lo (B 1 [5]
q1,92 ’ q o o q1,92 ) _ g
e | 00 o | e | /[;]” 7, |

B 092 L0 (B,0)
By T 00y,0

! [5],
/L (1-o0) ‘O’ — @

I,

dg, a] .

From (3.11)-(3.14), we have

50041 ,42 (7
BT @) < (B=a)(6=7) |(A1(q1) + A3 (@1)) (A1 () + As (2)) ‘m’
q1 q2
70041020 (0, )
B0y T 00y,0
B0y T 00g,0

ﬂ’éaql,q2¢ (67 6)
BalhT 681120 -

(AL (@) + As (@) (A2 (a2) + As (02)) \

T (Ag (@) + As (@) (As (a2) + As (02)) \

T (As (@) + As (@) (As (a2) + As (g2)) \

Hence, the proof is completed.
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Remark 2. Under the given conditions of Theorem 5 with qi,q2 — 17, we obtain the succeeding
imequality

(44) o (3%7) +o (452.8) +40 (42,252 + 0 (0. 5°) 40 (5.%5°)

NeJ

¢(a,7) +¢(a,0) +¢(8,7) +¢(8,9)
36

_6(61—a)/j {¢(%,7)+4¢< R )+¢( )} p
o [ [pen 10 () + o] a

1 B 6
+MMLL¢(%7y)d%dy

8%¢(a, 8?2
25 (8 — ) (5 — ) ) o) ’ + | 5700

72 72

+

$(8.7)
6780

9%4(8,6)
0100

IN

which is shown by Ozdemir et al. in [34, Theorem 3.

p

8092 oo |t
sl = 2 gs convex on A

41,92
BOg T 900

1,1 _ ; o :
for some p > 1 and ;. + 5= 1. Then, we obtain the succeeding inequality

Theorem 6. We assume that the conditions of Lemma 3 hold. If

(4.5) |7 224, 42 (9)]

< (B-a)(6-7) CICT SMZZ )} e bl + o (12" 1)}
[2]111 [2]q2 [6]q1 [6]q2 [7" + 1}(;1 [7“ + 1]

802 (a,8) |

P
Bog2 L o(a,)

% 0 q1,92
By T 00y,0 B0y T 00y,0
, 8592 p ;652

I PR R e PRGN
BOy T 90y,0 B0y T 90y,0

Proof. Applying the well-known Holder’s inequality for g ¢o-integrals to the integrals in the right side
of (4.2), it is found that

(4'6) |B’ q1, 92 (¢)|

< (B-a)( l(/ / g (7 |cqunzq2a>i
(I

B, 5831 . (ra+(1—=7)B,07+ (1 —0)0)
By T 00y,0

1
p »
dg, 7 dg, cr>
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P1
%1 .4z
By, T 58420

7008 4y 8(7.0)

By applying the convexity of , the inequality (4.6) becomes

(4.7) |7 0T, 42 (9))]

< (B-a)@ l(/ / Ay, (7) Ay, ()] dqle%a)}'

008 o) 003 0000

+7(l—0 91,92
</ / [ 58417- a<120- ( ) BathT 8L12U
1
7092 08,7 5092 ,0(8,0)]" ’
q1,92 ) q1,92 )
+(]._T)(T W +(]._T) (1—0') W dqle(DU
Now, for 0 < 7,0 <1, we know 7 — —— < 17— T~ 77% <T- 7l , and this yields
’ =TI =5 B, =7 @, " W, = 16T, Y
/ / |Aq1 (o) | dg, Tdg,0
[2Jq -
= / / ’ ‘AQI (" o — [ dg,0dg, T
0 Jo (6],
1,1 . [5] r
A R e
0 [2]1q [6]112
oo 1| o 1
q1 q2
= d 17'/ dg,0
/0 6, | " Jo 6], *
1 [5] " . 1
+/ _ q1 dq 7_/ 2 _ dq o
[2]1q1 [6]111 "o [6] a2 ’
1 T
Play 1 ! 5]
+/ e — qu/ o— 2 dg,0dg, T
0 [6]q1 ' @ [6]qz ’ '
1 51 | 1 51 |
+/ [ ]q dg, | - [ ]q2 dg,0dg, T
[g]lql [G]m [2]1q2 [G]qz
&, " ol "
< - T d 7'/ v g d,, o
- /0 6], | " Jo 6], | *
L 5], | . "
+/ — ([3]1 dq17/22 dg,0
[2]1q1 [ ]lh 0
[2]1,11 ‘ 1 al5] |
+/ T dqlT/1 [6[5]]‘12 dg,0
0 =, a2
1 7[5 1 o5 |
+ T — é ] dg, T ([; ]qz dg,0
[z]lql [ ]41 21, [ ]q2
1
1 1 2]
= |1—-— / " / "dy,0d,, T
[6],, [6l,, | Jo 0
[5] ‘ 1|
+1 - =2 "dg,0dg, T
[6],, [6],, ot Jo ’
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1 5 2141
+1=— [1- 70" dg,0dg, T
[6]111 6 [2]
a2
sl, || 5
+ |1 - [G]QI 1-— [6}(& "o dg,0dg, T
G G Sy
_ 1
- r+1 r+1
2lg, " [2lg, " [6]g, [6]g, [r + 1y, Ir +1],,

x {q1q2 50 (517, + ai" a5 [5]L, ([2];?1 - 1) +41a5" [5], ([Q]ZQH - 1)
gy (2 1) (2 1) )

{ar Bl -+ o (2 = 1) L+ (B - 1)}

(205, 215, (617, (6], [r + 1], [r + 1],

q1 q2 q1

and

1
T

(4.8) ( / / A, () Ay, (0)]" dq;dqzo>'

{q{ 5l + a5 ([2];1+1 - 1) }% {q£ [5],, + @ (WH )}l

215 205 (6], [6],, [+ 13 [+ 17,

Additionally, if we apply the concept of Lemma 1 for a = 0 to the above quantum integrals, we attain

(4.9) /01 /OlTadqlrdqzaz (/01 qulr> (/Oladqz,a) . m

1,1
_ q2
(4.10) /0 /0 T(1—0)dy1dg,0 = 7[2](11 o, ,
1,1 @
(4.11) /0 /0 (1—-17)odg,1dg,0 = 7[2]111 [2]q2 ,
11 0
(4.12) /O /O (1=7)(1 = 0)dy,rdg,0 = 7[2]%1 [;]qz .

By substituting the calculated integrals (4.8) and (4.9)-(4.12) in (4.7), we obtain the desired inequality
(4.5) which finishes the proof. O
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1.0 2(759)

Theorem 7. We suppose that the assumptions of Lemma 3 hold. If ‘W is conver on A

for some p > 1. Then, we obtain the succeeding inequality

(4.13) |5 074, 4. (9)]

(B—a)(6—) [Aéé (@) AL (a2)

IN

092 ()| b oo
A A q1,492 ’ A (117112
X { 1(q1) ( 1(q2) Ty, 5050 + Az (q2) 50y, 7 3q20
B, 852 6 (8,7) p B, 652
%1025 7) 7 00,9 (8,0)
+A2 (q1) <A1 (q2) 00,7 °0gu0 + A2 (g2) B0, 5ana

1 1—1

1
+A5 ? (QI)Aﬁ ! (Q2)

092 Loy 5352
_ Y.\ 7 20429 (@, 0)
X {Al (Q1) (AB (q2) ’BaqlT 68,120' + A4( ) gaqlT 8,120'
4092 Lo (B b ooz
7 004,420 (B,7) 7 200,09 (8,0)
+A42 (q1) <A3 (q2) B0y, ™ 90,0 + A4 (g2) B0, 58(120

1—1 1—1
+4s " (@) A5 7 (g2)

1)
il
)
il
)
il
)

#0029 a)[ b o2
A A q1,492 A q17q2
" { () ( (@) 04,7 2040 4 () PogT aqza
#0080 (67) [ o oo
L 7 20009 (B,0)
+A4 (Q1) (Al (112) ﬂ@qlT 8(120' + A2 (QQ) BaqlT 6q20
1—1 1—1
+Ag 7 (q1) Ag 7 (g2)
8052 Loy 7552
— et ) N RAC)
X {A3 (q1) <A3 (q2) BT %000 + A4 (q2) 0T &120
8092 o (B 5092 L6(8,0)[" »
. q1,q2 91,92 ?
+A4 (ql) (AS (Q2) ﬁaqﬂ' 8q2O' + A4 (qQ) 58(117' 8(]20' .

Proof. Applying the well-known power mean inequality for ¢;gs>-integrals to the integrals in the right
side of (4.2), it is found that

(4.14) |7 Ly, 02(9)]

< (B-a)(6-) {(/0”/0” -
X(/Omz/om 1

B0g2 Lo(ra+(1—1)B,07+(1—0)d)
B0y, 7 00g,0

L
[6]111

1

G

1—1
P
dg, Tdg, 0)

b
[6]

q2

P ¥
X dg, T dg, 0)
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oy .
VA
0 1

T — —
24, ’ [6]¢Z1

1
o, (!
X
1
0 2oy

R
[6]L11

X

P02 0 (ra+ (1=7)B,07+(1—0)0)

1
P

[5] 92
[6] q2

[5] 92
[6} q2

dg, T dgy0

1 J
+ / /[2101 T—[S]ql
Bley 70 [6],,
LorEgy 5
(Lo
Blay 70 [6],,

BOy T 00y,0

|70 0 ot (L= T) B0y + (1= 0)0)

1
p P
dfllT dthJ)

1—1
P

1

dy, 7dg, 0
Bl

1

[6} q2

BOy T 00y,0

1
p P
dfllT dthJ)

1 1 5 5
+ / a [G]ql - [G]qz dg, T dg,0
ﬁ [2]1111 [ ]‘11 [ ]Q2
X 1 ' T — [5]q1 _ [5]%
[2]142 [2]1q1 [6]q1 [6]‘12
1
B, 652 N _ p L
% an,lZ2¢(Ta+<1 7)57074—(1 O')(S) Qrdo
BBy T 00y,0 T Qg

B, 8452 p
T 7044, 8(1:0)

Baql’T éang

By applying the convexity of

ﬁ ﬁ 1 1
(4.15) /22/21777 o L
0 0 [G]ql [6}(12
1 1
/% /W 1 1
X T — ——— -
< 0 0 [6]‘11 [6]q2

X

P007, 0 (ra+ (1—7) 8,07+ (1 - 0)d)

, we have

1—1
P
dQl qugg

BOy, 7 00y,0

P ®
dlh T dth U)

1 1
P
IJ2C

- 6agl,qz¢ (a’ oy + (1 - 0) 6)

t 1
< ([T [ -
0 [6],, 0 (6],
L 1
‘/[2](12 1 /[2]q1 1
oc— —— r_
0 [6]112 { 0 [6]q1

002 0 (B,ov+(1—0)0)
By T 00y,0

1
Plgy
Al(ql)/ * |y
0

_1 1—1
= A5 " ()45 7 ()

(T
P v
‘ ) d(hT} dQ2O-‘|

& 6831,qz¢ (aa oy + (1 - U) (5)

63(117' 58(120—

1

P

(6],

BafllT 58{120

19
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P »
dg, a]

, d92
’ ath,qzd) (Ol, 7)
BOy T 04,0

5092 .0 (B,ov+ (1—0)0)

q1,92
§
B0y T 00y,0

6], <“
)dqzo+A2<q1)/o%g e

p
) dg,o

B, 582 d)(Oé ’Y) p
27 N T A
35[]17— 68‘120 A2 (q2)

RG]
BOy T 00y,0

o —

1
2lgy
45 () / :
0

(6]

t P

[2142
A (q1) /
0

491,92
d
B0y, 10y,0

1-1 1

_1 1—1
< A4 p(‘Z1)A5 " (q2)

1

+(1-o0)

1
b 0

BOy T 00y,0

a1,a2
5
BOy T 00y,0

1

1= B, §92 a,
(@1) A5 7 (q2) 705,09 (. 0)

q1,92
5
B0y, T 00y,0

W

S

)

Ax (q1) {Al (g2)

p

-

2 00800 (B7)

A
80,7 0,0 | | 2 (q2)

+A2 (q1) {Al (g2)

By applying the similar operations, we obtain that

1

1—1
el 1 [5] ’
(416) / / R _ q2 d T d NG
0 [211q1 [6}41 [6]q2 w
/ Plaa /1 1 5],
X T — —— _
0 [2]1q1 [6]‘11 [6]42

#0092 0 (ra+ (1—1)B,07+(1-0)0)
X 2 3 5
0q, 7 °0g,0

1
p »
dg, T dg, 0)

L 8592 () p 8992 ¢ (a,d) P
1 1 1,92 ’ 1,42 ’
< A5 pAG 1A ((J1) {Ag (CIQ) 5(9217('1—53(120 + Ay (QQ) [3321:—68(120
5502, 0 (B | 5002 03,57
+As5 (q1) {A?, (q2) W + A4 (q2) 63;111;1—255(120 ;
1 [2]1q1 [5] 1
(4.17) / Gl | il e R
gy 0 [6],, (6l |
/1 /[2]1‘11 [5]q1 1
X T = DR
Blay *° [6],, (6],

5092 Lo (ra+(1=7)B,07+(1-0)0)
g ﬁﬁql’r 68‘120

. 3
dg, T dg, 0)

Al 7002 g0 (@[ 7902 0 (0,0)]"
‘ ; 1,42 ’ 1,92 )
R L R
a a2 q1 q2
> 0wt B[ 5052 08,0\ ]
+A4 (ql) {Al (qz) ﬁa(hT 68{120 * A2 (qQ) 58{117' 58(120’
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and
ot [5] [5]
(418) ) /1 T — [6]‘11 o — [6](12 dqlT dq20—
2lg, * Rlg q1 q2
ol Bal], B
i [2]1q2 [2]1q1 [G]ql [6]112
1
p »
y B2 o(ra+ (1—1)B,07+ (1—0)0) dord o
58,117' 56(120' " ‘I2
B, 892 P B, §92 p
1—-1 -1 0 (;S(Oé,"}/) 0, ¢(a75)
< A rAE g A _ Y%y _ %109\ ™9
< 6 6 3(q1) 3(q2) 58(117 5aq20 + A4 (q2) 5&117 58q20
1
700 0 (8, [ 700 0 8.0 []"
A A 41,92 ) A 41,92 ’ .
+A4(q1) { As (g2) 80,7 04,0 + A4 (g2) B0, 04,0
From (4.14)-(4.18), we obtain the desired inequality and the proof is ended. O

5. CONCLUSION

In this research, we have proved a new integral identity involving quantum integrals and quantum
numbers. We have proved some new Simpson’s inequalities for ¢, go-differentiable co-ordinated convex
functions using the newly derived equality. It is also shown that the results presented in this research
transformed into some classical results by taking the limits ¢1,¢go — 1~ in the main results. It is an
interesting and new problem that the upcoming researchers may use the techniques of this research
and prove Newton’s inequalities and similar inequalities for different kinds of convexities in their future
work.
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