Uniform decay rates of a Bresse thermoelastic system
in the whole space
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Abstract
In this paper, we investigate the decay properties of the thermoelastic Bresse sys-
tem in the whole space. We consider many cases depending on the parameters of the
model and we establish new decay rates. We need to mention here that, in some cases
we don’t have the regularity-loss phenomena as in the previous works in the literature.
To prove our results, we use the energy method in the Fourier space to build a very
delicate Lyapunov functionals that give the desired results.
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1 Introduction

In this paper, we consider the following initial value of the thermoelastic Bresse system.
Namely, our concern is the asymptotic behavior of the solution of the following:

77btt _a2w:vx - ((pm —'IZJ—ZU})—F’I’TLQI = 07 (1 1)
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with the initial data

(90790t,w7¢t7w7wt79) (3770) = (()007 ¢17¢07¢17w07w1790>> (1'2)

where (x;t) € R x Rt the functions ¢, ¥ and w, denote respectively the vertical dis-
placement of the beam, the rotation angle and the longitudinal displacement, the function
0 is the temperature difference and a, [, m, ko, k1 and ~ are positive constants.

We consider many cases depending on the parameters of the model, and we prove that
the solution U = (¢, ¢, ¥, ¥, w, wy, H)T is decaying as follow:

85U ()| . < C (14 )77 |Uollpa + Ce |08 || ., if (3.1) is satisfied,  (1.3)
05U (1)]| ., < C (1 + t)_l_§ 1Usl| 14+ Ce" ||05U0|| 0 if or is satisfied, (1.4)

105U ()], < C (L4 0) 5 Ul u4C (1 + )2 |50y | o s if (B4 or (3.5) is satis fied,
(1.5)

|0kU (t)”L2 <C(1+ t)fl*lf% 1Uol| ;2 +C (1 + 75)7g HQ];MUOHLQ ,if ( or is satis fied.
(1.6)

where k and § are nonnegative integers, C' and ¢ are two positive constants and Uy = U(z;0).

In order to prove the above estimates — , we use a Fourier energy method as
well as a suitable linear combination of series of energy estimates, to show that the solution
in the Fourier image U (,t) satisfies the following estimates:

( . 2
C e MO (£,0)] ; if (3.1)) is satisfied,
~ 2 — ]
R 5 C e Ot (£,0)] ; if (3.2) or (3.3) is satisfied,
TN <3 cooorlgeol. o
Ce U(,0)| ; if (3.4) or (3.5) is satisfied,
N 2 — ——
Ce MO (£,0)] ; if (3.6) or (3.7) is satisfied,

\ S S—

where the functions A; (§) (i = 1..4) are defined in (3.2). It is well known in the literature,
that the behavior of \; (£) in the low frequencies determines the rate of decay of the solution,
while its behavior for high frequencies gives the regularity restriction on the initial data see
for instance ([1], [5], [11], [12]) and the references therein.

We need to mention here that the system has been considered by [11] where they showed
that the solution decays as follows:

k
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Clearly we can see that our estimates improves the decay rates in [I1]. One can see that, in
some cases we don’t have the regularity loss phenomena as in the previous works existing in
the literature.

Our paper is organized as follow: In Section 2, we state the problem. The proofs are
given in Section 3.

2 Statement of the Problem

In this section, as in [11], for simplicity, we write the system ((1.1)) as a first order (in
time) system by introducing the following variables:

v=p, Y —lw; u=; z2=a,; y=1v; o=k (w,—Ilp); n="w.

Consequently, the system (|1.1]) can be rewritten into the following first order system

(

ve— U, +y+1In=0,

U — vy — Lk ¢ =0,

zt_ayx:()v

Y —azy —v+mb, =0, (2.1)
¢y — kon, + Lkou =0,

ny — ko oy —lv+yn =0,

0 — k1040 + my, = 0.

\

Taking the Fourier transform of (2.1]), we find:

(T, — iU+ G+17=0,
Uy — €0 — koo =0,

/Z\t —a ZS@\:O?
G—aiZ—0+mifh =0, (2.2)

b, — koi T+ Lkt = 0,
Ny — kot —1v+77 =0,
[ 0 + k&0 +mi&y=0.

Let us now define the following energy functional

o R N P P TS B e o RO S ks

B t) =5 |07+ [al” + 27+ [57 + o] + 0"+ 0] ) (&), (2.3)
We use the same procedure as in [I1] to obtain:

dE (£,1)

= k2|0
o 1€

2 ~|2
IR (2.4)




3 Energy method and decay estimates

In this section, we show that the decay rate of the solution will depend on the wave
speeds of the first two equations in the system (1.1)) as well as on the coefficients [ and k.
For this reason, we will discuss seven cases:

Casel. a = landlky=1, (3.1)
Case 2. a Land l kg < 1, (3.2)
Case 3. a = landlko>1and (14+1*(1—-43)) >0, (3.3)
Cased. a # landlky <1, (3.4)
Case 5.a # landlky>1land (1+1?(1—k3)) >0, (3.5)
Case 6.a = landlky>1and (14+1?(1-k3)) <0, (3.6)
Case 7.a # landlky>1land (1+1*(1—4k3)) <O0. (3.7)

In each case we use a delicate energy method to build the appropriate Lyapunov functionals
in the Fourier space.

3.1 The energy method in the Fourier space

In this subsection, we give the pointwise estimates of the functional E (&,t).We show an
estimate for the Fourier image of the solution. This estimate will play the key role in proving
our main result. The results are stated in the following proposition:

Proposition 3.1. For any t > 0 and £ € R, we have the following estimates

Ce MO (€,0); if 1} 15 satis fied,
CeNOLE (¢,0); if " or |) is satisfied,
Bt < (@) P ‘ , . . (3.1)
Ce E(£,0); if 1} or |) s satis fied,
C e~ M@t (£,0); if or is satisfied,
where
52 54 54 56
A (€) = 7 Ay (&) = ——, A (6) = ———3, A (§) =
T Tre Y T o e Y T ar ey (1+¢%)°
(3.2)

Here C' and c are two positive constants.
The proof of proposition 3.1 will be given through several steps

Proof. Stepl. Multiplying {) by € /9\, we get

0 — <ﬁt,z§§> ~ & <¢§$, zg5> 1 <a, zg§> 4y <ﬁ z§§>
= D (g0 + (ki) (gD —me 0.5 — ko€ (3, 0) —1 (3060)



then
(5060) = 2 (Ra60) + (1 + i) (Ra60) —m& @) —ho€ (3.9). (33)
Multiplying (2.2)7 by £y, we have
0 = (Do) + k& (0.067) +me? [jl° (3.4)
_ gt <9 z§y> <¢9,zf (az’f/z\—{—?)\— m¢§5)> + ke <§, zgg> +mé g
= D (060) +ag (3.5) — (0.060) —m& [o] + ke (B.065) +me
by using (33) and (3,

&+ 2 Re (B,067) + 0 (7,460) (35
— & 52—£Re<0 >—1—§Re<0 z§y>

0 RE) g (3.160) + %2 Re ((7,7)) + 25 Re (3.9).

ml ml

For the case (3.1)), we proceed as follow:
Multiplying 1} by (H—IEQ), applying Young’s inequality and the following estimates, for

any €; > 0, given by

a&’ ~ L ~2 g & N
m <9>Z>‘§C(51)52 9‘ +§(1+—€2)’Z|
g ) - s o g <
m (1+ &) YN " e’/ = i1+
(v + k%) ~ 7 |2
T (1+§2) Re<n,z£6>‘_ 21p
& &
mlRe<ny>l<Clnl+—(1+5)|y|,
ko & -~ o2 e & >
ey (@) el + S gyl
then, we obtain
& |g7|2+a]-"(5t)<05 H+C|n| +e & 12)° +¢ & ‘52 (3.6)
(1+¢%) o ! (1+8) ey




where

2 —~ 2 —~
Fi(§,t) = ———<Re(0,1y) + ——— (1,1£0) . 3.7
&= e o (0.167) ml (1+ &%) (7i6) (3.7)
For the cases (3.2 E then we proceed as follow:
Multiplying (]3.5)) by o 22)2, applying Young’s inequality and the following estimates, for
any €; > 0, given by
a ~2 g &
—‘Re<9 z>) <Ce) €0 + 2 —— 2P,
m (14 &%) 2 (1+&)
k 1 &
m ‘Re<250 y>‘ 1 > [
m (1 +§ (1+¢)
05 o .0)|
ml (1 + E B
¢t S o, 1 &
——— [Re @, )| < C [ + T 7——= I,
(146 4(1+€)2
ko& 12
e () <@+ 5 o famlil
[(1+&7) (1 +§
then, we obtain
54 ~|2 a 21 2 —~2 54 2 4 ~]2
S P+ S FRED SCENE ] +C P e B e —— 4]
(1+&%) ot (1+¢) (14¢%)
(3.8)
where ) )
2¢ ~ 2¢ P
Fi(€,t) = ————Re(0,ly) + ————— (1,260 ). 3.9
0=y (6.¢7) ml(1+§z)g< ) (3.9)
For the cases (3.6} [3.7)), then we proceed as follow:
Multiplying (3.5)) by 0 562)2 , applying Young’s inequality and the following estimates, for

. 4
il ()| <c@elil + St
4 . 4
e el < e
k£2 2 T
% (769)| <



& Rl <ol i,
(142 T e’
ko & &£ - SR
®O_ > IR 0 )
ml (1—1—52) <(1+§2)¢ > (1_1_,52)3 ¢‘
then, we obtain
¢ - & e
—|!+ 7‘"1(50 < C[F+Ce ta——3lE (310)
(1+¢&)° 0 ’ (1+¢%)°
£ pp
+e
1 (1 +§2)3 ‘
where e o
2 ~ 2 —~
Fi(§,t) = ————Re(0,:{y )+ ————— (n,1£0). 3.11
1(€,1) (1 E) < £y> ml(1+£2)2<n €> (3.11)
Step2. From 2, we have R
Lko ¢ = Uy — i€,
and by using this in 6, we obtain
15, — i€ty — (12 + )0+ 1y7 = 0. (3.12)

Multiplying (3.12) by ( lzif 52)2 and using 3, we get

B £ 0, & 0 e i
" <z2—+52>é<”’”>‘<z2+§2>&<“’z>‘l<”’ <zz+?>2t>+<““’ <z2+?>“>

_B0ER) + Iy <ﬁ ﬁ%

A N S W PP SIPA alg? (5.9 — ag’ (i7.5)
T\ e T a\" ey ) Tz )\ Y T ey Y
v ¢

—<@i§3>+m</ﬁai/z\>,
then we have
A ¢ 0 .. 2 0 . al€? PN
(v,i€z) = ma(ﬁﬂﬂ—m&(%@ m< 0, Y)
3 l
g R0+ Ty (49, (5.13

Multiplying | 4 by —%’z\ , we get
g / i€ . N N 1 mée?
(a5 e pr -t L - T (B5) —0. ()
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and by (3.12)) and (3.14)), we have

2
& 1P~ S Re (i o D Re(5i%) - o T Re(a 3

a(12+£2)3t a(l2+€2)3t
~ 1€2 L
& |@F+%Re<e,2>—(5—>fie<n, 7

12 +¢
° l

For the case (3.1), we proceed as follow:
Multiplying (3.15)) by
for any €5 > 0, given by

(1+ &) applying Young’s inequality and the following estimates,

me’ 75 P SR S
1+ )Re<9,z>‘§0§2 0‘ +Z(1+§2) B
& 1 2
(Hf—gg) Re<mn,y> §0(1j€2) P+
52 § C 52 2, g & ~2
(1_{_52) <mluvy> <C(52) <1+€2> |y| +7(1_‘_€2)| ‘ )
Iy 1 ~ 1 52 =12
a(l?+¢%) ‘Re<(1 §)W§Z> Cll+ (1+¢?) gZa
then, we obtain
52 2, 0 2 52 52
1+ 7+ 5,72 (1) < C [l +C (22) ) 0+ @, (3.16)
where
% PN 21¢ S 2¢2 .
F2(&,1) = a(1+f2) Re(y,zz>+a(l2+§2) (1+€2) Re (7],1%) a(l2+§2) (1+€2) Re (u,2) .

(3.17)
For the cases (3.2 -[3.3)), we proceed as follow:

Multiplying (3.15) by i £€2>2, applying Young’s inequality and the following estimates,

for any €5 > 0, given by

ey [Re (8.5)] < 0o + 4 g

L 1 =~ = < &4 ~2 ~12
(1+£2) Re< (1+£2)777 y>‘ — (1+£2)2 |y‘ + C ’77‘ )

|

¢t E o ¢t
ey Re (12+£2)zu,y> SC’(ez)( 52) > g + 2 (1+€2>2| al?,
Iy &2 L5z < Y
ey e (i 65)| < OO+ A




then, we obtain

54 212 2]: t ' nk ' al?
(1+§2)2 |Z’ +8t 2(57 )— <€2>( 2)2 ’y‘ 82<1+ 2)2| | !
) (3.18)

wnere
2¢° SN 21¢° o 2"
F y =—"—<R ) R ) B
5 (&, 1) a(1+€2)2 e(y Zz>+a<l2—l—§2) (1+§2)2 e(n,iz) a(l2+€2) (1+£2)2
(3.19)

For the cases (3.4 -[3.5), we proceed as follow:
Multiplying (3.15) by i £€2>2, applying Young’s inequality and the following estimates,
for any €5 > 0, given by

m54 <A ’\> < 2 A’2 1 54
a(1+£2)2 972 ~ Cé- 8 + 4( 52)2 | ‘
4 ) ~
(1—?&2)2 Re (1+1£2)777 y> S C(l €2> |y| + C |77|
5 [Re ([ .9)| < C(e0) o 07 + e P
ey [P (e 7)) = € ) iy W+ gy o1
& 1 s\ com2il_& o2
a(l2+§2)2 Re<(1+§2)77>252>‘ C‘T]| + 4 (1+£2)2 | ’ 5

then, we obtain

& e 2R () — s i+ er— [

e s Tasey " Ty
(3.20)

where

2¢ S 20¢? o 2¢*

Fo(6t) = ——=_Re(3, Re (7),12)—

(&1 a(1+¢%)° e(y@z)+a(l2+€2>(1+§2)2 R a(l2+¢) (1+¢)°
(3.21)

For the cases (3.6/—3.7)), we proceed as follow:
Multiplying (3.15) by 0 22)2, applying Young’s inequality and the following estimates,
for any €5 > 0, given by

m£4

~ 5 [ e
sy re(0.25) < e o[+ i oyl

l£4 > R 1 A~ o~ < C C
2 Re (ki 7)< 05 E) 4 C
¢ o N L€ e
(l2+£2)(1+§2)2 ‘Re <qu,y>’ = 0(52) ( ) ‘y| 2 (1+£2)4 ‘U’ >

~ DA ~|2 4 ~2
a l_l:Q QR’e l2§_£2 7}7Z€2z S C |77| +Lll 162 2 |Z‘
(1+€7) (1+€7)



then, we obtain

RN BT Rl ] ERGTRR R Sy CHSR S
N 2 2) 7 19 27 o3 )
(L+e)” o (1+€)° (1+€)°

(3.22)
where
263 o 23 . 2¢4 P
F: (§7t):_—Re<y77“Z>+ Re(nﬂ“a_ R6<U,,Z>.
i a(1+¢2)° a(12+¢) (1+¢)° a(12+¢) (1+¢)°
(3.23)
Step3. Multiplying 4 by v and using 1, we get
[N ~ e~ T
0 = = (5.9) = (§.5) —a(i€2.0) - [3f +m (i€d.7)
[N L ~ e~ D
= E<yav>_<yvz€u>+|y|2+l <yan>_a<2527U>_‘U|2+m<15977j>7
then
2 0 2 BN L~ RN
o — = 5.5 = = (G.i§@) + 5 + 1 (5,7) +m (i€0.5) —a (i€2.5),
with , we deduce that
o O PN alé 0 P ) PN
] §R6<y7v>+ma(f{e<mm>) UQ—%Q)ERMU,Z)
. [ N
= |9°+ m (17 + (1—a?) 52) (Re (7, v)) +mRe<z£9,v> (3.24)
1

2 2\ ¢2 s aly € ~
_m (7 "’(1_a)€)(Re@fuay))—m&?(nﬂ@-

For the case (3.1f), we proceed as follow:
Multiplying (3.24)) by
for any €3 > 0, given by

applying Young’s inequality and the following estimates,

(1+62)

255 [Re { gty . 9)| < Al +0(H§2) o,
it [Re (i€0.5)] < [ +4 e
ey e<(nfg?) W7)| < Cles) iy 0 + F sy 17
e etmyies)| < O+ 0 g F
then, we obtain
gy g (6 < (o) [y -+ 1y oo
(3.25)
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where
262 2al&3
-,'r3 (57 t) = - 5 f

(1+¢%) (124 &%) (1+¢)

For the cases (3.2]-3.3)), we proceed as follow:
Multiplying ((3.24]) by ﬁ, applying Young’s inequality and the following estimates,

14€2)

2a¢*
(12+€%) (1+ &)

Re (y,0) +

Re (7,i2) — Re (@, 2) .

(3.26)

for any €3 > 0, given by

13¢4 ~ o~
(1+§2)2 (l2+§2 77 Yy X ( ) ’y|
¢t T 29 1 ¢
(1+£2)2 Re ’66 (9,'U>‘ S Cf (9‘ 5 (1+§2)2 ‘ ‘
1264 i€ ==\ < IS ~2 | e & ~12
<1+£2)2 ‘R’e < (l2+§2> u,y = C<€3) (1+£2)2 y| + P ( +52)2 |U| )
alvye? i~ ~2 &4
<1+£2)2 e<(12+§2)n72> S C|/’7’ +C(1+§ )2 ’ |
then, we obtain
54 9 ~12 2|9 2 54
—|!+ 578 (&1) = O (es) ——= " (3:27)
(1+¢2) ’ Yt e)
¢ 2 ¢ 2
+C ——— |Z|" + es———= |u]”,
1+&) " (e
where
T (6.0) % ey 2 Re (7,7 %) 2a¢" Re (3, 2)
) ) Y,v n,t1z)— ) .
3 (1+8)° (2 +8) (1+8)° (2 +8) (1+8)°
(3.28)

For the cases (3.4 3.5, we proceed as follow:

Multiplying (3.24) by @, applying Young’s inequality and the following estimates,

for any €3 > 0, given by

13¢4 (12+(1-a?)€%) <C C 72
(1_,'_52)3 (l2+62) 77’ ) |77| + (1 52) |y| )
543R wE <CQ’9\‘ __43
iy [Re (#£0.5) [ < C&[f] + i T
12¢ i€ =~ S\ o ¢l & a2
<1+£2)3 ‘Re<(l2+£2) U,y = 0(53) (1+£ )2 | | + 2 (1+§2)3 |u| 3
sy Re<<m’fg2ﬁ73> < Ol + € iy 147
then, we obtain
54 N 8 R 2 54 R
(1+—£2)3|U|2+§f3 & t) < i’ 10 (83)W| > (3.29)
¢ 2 ! 2
+C 5 2" +e3 5 [ul”,



where

2¢* L 2al¢’ JU 2a&° .

Fy(€t) = ———_Re (], Re (7,1 2)— Re (3, 2) .
3 (&1) (1+¢%)° ° U>+(l2+§2)(1+§2)3 ¢ (%47 (12 +¢%) (14 ¢)° o2
(3.30)

For the cases (3.6/—3.7)), we proceed as follow:

Multiplying ((3.24)) by (1Jfg )4, applying Young’s inequality and the following estimates,

for any €3 > 0, given by

cieye | ey (Re >ﬂ<OM|+O

o )|y|

meb RPN 1 £6
<1+§2)4 Re < Zg €,U>‘ é 1+§2)4 | |
6 (l2+(1—a2)§2) ~ 4 e 6 2
(1552)4 (l2+§2) (Re<u> 26 y>)' S C<€3) (1 22)2 ’ ‘ ?(1552)4 ’ul )
(fj_égzﬁ)“ Re < (l2f_£2)77\,i/2’\> S O |/ﬁ|2 + O (1 )2 | |
then, we obtain
4 R P R 2 6 R
ﬁ i+ SAEn < CRP el +egﬁ af (3.31)
(o) — g O — P,
(1+¢%) (14 &%)
where
B 28 0 2al¢” 0 Relris
Fs(&t) = —maf{e@,v) + (1) (118 )48t Re (7,1%2) (3.32)

8 ) .
_(l2+;;§1+§2)4afie(u,z>.
Step4. Multiplying 4 by if%, and using 5, we get
0 = {58~ (3.i€3,) ~a (i€2.i€3) — (3,i€3) +-m (i€D i 3)
- §t<y,z§¢>+kog (3.7 + ko (G, i€7) —a { 2.0) — (3.1€3) +me* (9,3).

then, we obtain

(3,163 = T {Gid) + ko€ (3.7) + 1ho i€ —ae? ( £3) +me (0,3). (339)
Multiplying (2.2 -2 by —i€ v and using 1, we have
0 = —% (@, 3€ D) + (T, i€ ) + E2[3]% — Lko <¢§ ?b,a> (3.34)
d ~
= 5 (W€ — (A — (@i€F) — (@, i€T) + & o ko (i€ 3,7,

12



by using (3.33)) and m, we obtain
0 PO
e al? + Re (U, i£0) + ”‘““at (Re <y,z£ ¢>> (3.35)
= &+ (1 — IPk§) Re (i€, ) + 1 Re (i€u, 1)) — Lkg € Re (,7)

+alk0§2Re< 2,$> . lk0m§2Re<5, g7>>.

Multiplying (2.2)3 by u and using ([2.2))2, we get

0 ~ PSR
0 = 5 (B0 - (E0) —a (i€7.7)

9 . . PN
& (B + (65, 9) — Lo (,6) + a (7€)
and by using , we have
0 PN o~ al N Iy € SN
0 = aRe(z,u)—lkORe<z, ¢>+mRe (zfu,y)—i—mf{e(n,zz)
£ 0, . & 0 alé? PN
+(l2+£2) atR‘e</’77/LZ> (l2+€2) atRe<u7Z>+ (12+£2) Re(n’ y)?

then, we deduce that
al? N 12 0 N o~ l SN
— Re (u,2) +lk0Re<z, ¢> - (leYTiQ)Rem’Z@

Erey Y T ey
(l2f§2)§tRe<ﬁ,z‘2> (lfli)Rew,w,
then, we have
lkORe< ¢> - (12“22) e (i€T,7) (lgljg)aRe(E,@nL(S.%)

(12 +¢) o
{ SN
+ﬁfie(n,zz).

we proceed as follow:
applying Young’s inequality and the following estimates,

For the case (3.1,
Multiplying (3.35|) by (HEQ)

for any ¢4 > 0, given by

2 [Re (i€u, 1)| < O|77| +3 (1i£2) |iZ|2,

1+€

12k2 ¢ ~ ~2
(1+§2> Re(y.m)| < C |77| + C(1+§2) vl™, 2
al k&2 ~ N2, ea_ & |7
Lkom €2 2 2| ea & |7
fomss [Re (8. 9)| < O ) € ) + 5 ey 9]




then, we have

P+ L E 6 < O+ O € i+ ot
(1+&) ot (1+¢&%)
&€ & 2
+CO—"— V" +¢ , 3.37
where 5 o k
Fa(6t) = ——Re (U,i€0) + ——2 _Re(7,id) . 3.38
4(5 ) (1_'_€2) e(“ Z§U> (1+€2) <y §¢> ( )
For the remaining cases, we proceed as follow:
Using 5, we deduce
T 0 T ~
Re (i€6,7,) = = Re (i€6,7)+Re (9. icii) (3.39)
0 P e PO
= ERe<z§¢,n>+R€(kzozé’n—lkou,zgﬁ),
. 8 LT~ 21 ~12 e~ o~
= §R6<Z£¢’ 77>+k0€ |7|” + lko Re (i€ u,m) .
Using 5 and 4, we have
I*Re (i€7,5) = —I*Re (@.i67)
[ ~ o) e
= - Re{ (6~ hich).ich)
{ (9 T~ l e~ 2 A~ N
= i Re (0.967) + - Re (i€0.5:) ~ 1€ Re (7.7)
[ 0 ~ .\  la, ~
= aiRe(0i€7) + L E€Re (6.2)
~ - ERe (8, 8) ~1ERe (7,3) + - Re (i€6.7)
and by using 6, we get
[ 0 ~ la ~
2 i UL PN L) ~
I?Re (i€.5) = 35 Re (6.i65) + € Re (3,2)
~ o ERe (9, 8) ~I€ Re (7,§) + 1 Re (i€6, 7 — koit & +7)

_ kl_O%Re <$,¢@>+lk_‘jg2f{e (3.2) —lkﬂog?Re (3, 0) 1" Re (7,5

- [0+ L Re (i€5. 7) + - Re (i€5.7,).
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and finally by (3.39)), we obtain

SO 19 ~ N 19 o
Re (i€7.5) = 5z, Re (@.i67) + -5, Re (i€0.7)
a4 2 7o\ 2 7
T & Re (%) T (4.9)
1., ~ i RPN
7€ Re {0.9) + 3 Re (i€6, 7) (3.40)
1 o2 1oy w 1o
567 |0| + € [Al° + 7 Re (i€ 0,7)
by using and
(1 l2k2 0
&) + ——¥ —7z —|— Re(u z§v>—lk08 (Re<z§y, gb>) (3.41)
C(1-PR) O N\ (1—1%2) 9 o~
T <¢’ Zgy> 12k, Ot (Re <15¢’ ”>>
2 |~ 2 ( _Zng) ~ 1 2 2 PPN 1 2 o~
= '+ + 7 (14 (1= k) Re (i€@, 7) — 5 € Re (7, 7)

~ m ~ oy (1= 12K o~
+lk0§ Re<gb, z>—E§2Re<¢, 9>+—l2k50 0) Re <z§¢, n>-
Using (3.55), we get
2
<<1+l2<1—k3>>+5>€2 ip+ 0 W))g ° (re(1.3))

(12+¢) ko (12 +¢€°
i s 8 ()
% (Re (i€0.7)) (3.42)
-l (i T R (71i65) — € Re )
N (l 2(1— 122 +l2(ll23 - él;) + 12k2 — )52) Re (7. i€7)

lkog Re <$, 2> _ %§2Re <$, §>.

For the case [3.2, we proceed as follow:

Multiplying (3.41) by (5—22, applying Young’s inequality and the following estimates,

14+¢2)

15



for any ¢4 > 0, given by

%H{e(lfﬁ 0l <C!77I +3

.l <
(1+f2)2 |Re<yan>| C|77| +O

a£4
tho(1+€2)”
m _ &
lko (1+52)2
v(1-12k2 )€
12ko(1+€)

—(1 & | ul
( ) =19,

then, we have

~Fu(&,1) (3.43)

where

v +—(1+§) Re (7,i€0) (3.44)

2(1—12k3) & ~ 2(1—1%K?
Gl Re (3,i€7) - ( )26 Re (i€5. 7).
lko (14 &%) 12k (14 €%)°
For the case (3.3, we proceed as follow:
Multiplying (3.42) by (

- 522)2, applying Young’s inequality and the following estimates,

for any €4 > 0, given by

AT <1‘12’“2)Re<<z2 Ty @f¢> <CE) P+ 5 o]
Wmﬂy )] < ol 772,

al(i'zf — l2k2+z2(ljz;(5;+l2k2 %) Re (7, icat) <O +3 T )2| a?,
sy e (3. 9)] < 060 e B + g o

i (lf;f fte <$’ §>’ < C(es) € 52+%4(1f;)2 9.

16



where ; = min (1, (1 + 12 (1 — k2))). Then we have

BT < C C e 0—54
ap T ETen < Clenf s el + e
& o & o ST
C — C——= 5
+OC) o P O P e 52)2@4)
where
_ 21— Pk ¢ -
AED = ) i é_»2)2Re<u,¢> (3.46)
2¢° IO 2¢* ~
——— R R
+a1 (1 +€2)2 e<u7’l§1}> + allkjo (1+§2)4 e<y725¢>

2[1 —12k2) &2 o~
— R .
O[lk‘o (l2 +€2) (1 +£2)2 € <Z£¢7 n>

For the case (3.4), we proceed as follow:

Multiplying (3.41) by ﬁ, applying Young’s inequality and the following estimates,

for any €4 > 0, given by

[1+l( L1 ¢ W|2
(1+£2) 2 (1+£2)3

(1+§2) Re (7,7)] < C 7" + m\ﬂza

BPORE \Re tiga, )| < |7 +

agt
o (1+€2)°
m _ &
lkg (1+§2)3
v(1-12k2)€?
12k (1+€2)°

then, we have

& e, 0 ~12 2[5
glul + 5.7 (61) < Cle)[il” +C(ea)€

(1+¢)

¢ ¢ 2 ¢
Cleg) —— PR+ 0—" _s
(&) (1+§)2| A+ (1+¢%) +6(1+£

where

26" ey 20k
.;E4 (5, t) = m Re (u, Zé U> + (1—i_—£) <y, 25 ¢> (348)

2[1 — 1*k3) & ~ o\ 21— z%?]g
= 2 ™IS R = ol
ho (1 €2 <¢’Z§y> 12k (14 ¢%)° <Z§¢ >
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For the case (3.5]), we proceed as follow:

Multiplying (3.42) by @, applying Young’s inequality and the following estimates,

for any ¢4 > 0, given by

2 s 4 ~|2
s (1—z2k2)Re< = z§¢> <@+ 355w o
mlRe@ < cm’ +C( oy 5 (91,
2 (12[1-12k3+212 ]+ (12+12KE—1)€?) S 2 4 9
a1(1£+§2)3 <l2+§2) Re<7777'£u> §C|77’ 2%@_5?)' | )
a &4 —~2 4 &4 ~
wim e [Re (8.2)| s ¢ ) iy P+ el 9]
m__ ¢ 20 7| TR S
e ey [Re (3, 0)| <Clene o] +4 i o]
where a; = min (1, (1 +12? (1 — k2))). Then we have
4 N a R 2 4
Crap T g < CERr+oE e +c<lf—§)gr i
& e & &2
C — C————= 9
+C (e4) (1+€2)2 2" + (1+£2)3 0l +€4m¢¢4 )
where
22K ¢t -
AED = T O s €2)3Re<u,¢> (3.50)
2¢* IO 2¢* e
— = Re(q, Re (¥,
Sy T ey {7i59)

2[1— 12k & RN

— [ 20]€ 23Re<25¢,’r]>.
arko (12 + &%) (1+ &%)

For the cases (3.6]—[3.7), we proceed as follow:

Multiplying (3.35) by 0 5;)

7, applying Young’s inequality and the following estimates,

for any €4 > 0, given by

7212 ~ = & 21 & o2
(1 52) |(1 l k )Re </L§u y>| —_ (1+§2)2 |y| + 4<1+£2)4 |U| )
4 o~ ~
(1_?5224 Re <Z§U, 77> S C(|77| _'_ ( +§2) | |
k2 ~ ~ A~
(1%55)4|Re< 777>’ < C’T}‘2+C(1+£2>2 |y’ )
al ko €8 ~ ‘< T I L e
<1+£2)4 Re< Za¢> = (54) (1+§2)2 ’Z| + 4 <1+£2)3 ¢ )
1kgm €6 <’\ " ‘ 2517 L e |
(1+§2)4 € 07 ¢> < 0(64)5 0| + 4 (1+£2)3 ¢ )
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then, we have

€ ap 8? t 3.51
m|u|+at 4(&,1) (3.51)
R 4
< ChP+cE i +c(54)ﬁ\zﬁ
¢° 2 ¢* 2 ¢° ~|?
c—S c—> :
+ (1+§2)4 ’U| + (1_'_52)2 |y| + &4 (1+€2)3 (b
where
4
i (5,2&):(11—22)4Re(ﬂ,z’§6>+ (flf“;) Re (7,13 (3.52)

Stepd. Multiplying 6 by & 5 and using 5, we have
0 = (Rni€d) —ho& |3 —1(5.i€3) ++ (7.i€3)
= D (RAEB) + ko Al + Lo (i i€) — ko |3 — 1 (3,63) +v (R.i€ ).

then

ko &2

0 (3.1€3) = W&l + ko (higa) — 1 (3,663 + (Ri€3).  (3.53)

Multiplying 2.22 by (b and using 5, we have

0 = 5 (m8) = (m.5) ~ (i€9.9) 1o o
= D (83) ko (i i€q) + ko [ — (i€0,3) — ko [3
then, we have
12k |3 —za < ¢> = ko (@, i €7) + P ko | —z<¢56,$>. (3.54)
Adding (3.53) and (3.54), we get
’@‘2 - m% Re (7,0 - m% (Re(icd))  (3.55)
- e T G I gy Re R ea)
+m Re (7,i€)
as
e re(rEd) o+ gl
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we obtain

o ey e (0 e ayar (e (3i69)) Sl eC it 350)

¢

For the case (3.1f), we proceed as follow:
Multiplying (3.56|) by e 52) ,we deduce

52 ~ ~2 52 ~(2
m + 7:5 (& t) < C 7 +C’m [ul”, (3.57)
where
_ 2¢? N 2¢? A
Bl =—mra e (@,6) - R L (7i€3). (3:59)

For the cases (3.2]3.3)), we proceed as follow:
Multiplying (3.56) by (15—

>,we deduce

+€%)
S amen<opr oS, (3.59
ey T ISR
where
2l§4 o~ 254 L
Fol&t == Re (u.¢) - Re (7,i€3). (3.60
5(5 ) ko (l2+€2) (1_{_52)2 e<u (25> ko (124—52) (1+§2)2 e<?7 Zf¢> ( )

For the cases ({3.4]—-3.5)), we proceed as follow:

Multiplying (3.55) by o 22)

=, applying Young’s inequality and the following estimates,

given by
21542R ~  iE o~ <C k2o 543/\2
y&* R S ~2 1 ¢l -~
k0(1+§2)2 Re U (12+§2) ¢> <C ‘77| + 2 (1+§2)2 (b )
then, we have
54 12, 0 54 ~2
O + = Fs5(61) < C [ + C—— [0, 3.61
<l2+§2)2 at 5( ) ’ | ( +€2)3 | | ( )
where
21¢* - 2¢ .
Fs(€,1) = — Re(u,¢) — Re(7,i£d). (3.62)
i ko (12+€%) (1+¢€%)° < > ko (12+6€2) (1+¢%)° < >

For the cases , we proceed as follow:
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ﬁ‘R <”’<l2 e >‘<C'”' O > i’

(ico)| < 0l + 5 9]

Multiplying (13.55)) by , applying Young’s inequality and the following estimates,

given by

ko (ZZ+€2) (1+ 52)

(1+£2)

then, we have

L+ LR <omrro— . (.69
(1 _|_§2)3 ot (1 _'_52)4
where
l£6 o~ 66 S
Fs&t) = Re(t,¢) = Re (7,i€ ). (3.64
5 (&, 1) ko (l2—|-§2) (1+§2)3 e<u ¢> e (l2+§2) <1+§2)3 e<77 z§¢> ( )

Step6. In this step, we make the appropriate combination of the above obtained functionals
to build an appropriate Lyapunov functional £(¢,1).
We introduce the following Lyapunov functional £ (&,t) as follow:

L&) =NE (&) + N Fp (E,8)+ NoFo (€,8) + N3 Fs (,8) + Nu Fou (€,8) + F5 (€,1), (3.65)

where N, N; for ¢ = 1..5, are positive constants that will be fixed later.
For the case (3.1)), taking the derivative of £ (¢, t) with respect to ¢ and making use of

B3-6), (3-16), (3.25), (3-37) and (3.57),we find

a 2
SL(E ) + (Ny = C(e2) Ny = € (25) No — ONy) ¢ i = e
Ny Ny - ONy) S e (N — CNY) o
2 14V1 3 (1 + f2) 3 4 (1 + 52)
2
+ (Ng — €2Ny — e3N3 — O) : -~ [l (3.66)

¢ 2
+ (1 —e1 Ny — e4Ny) m ‘Qb)

IN

2
~ (Nki = C (e1) Ny = CNz = ONj — C' (4) No) € \«9\
—(Ny—CN; = CNy —CN3 — CN, - C) [ij]*.

Now, we fix the constants in (3.66)) as follows:

1 1 1 1
g = —— gy =—— 5= —and Ny=1+C .
AN, YT AN, 2T AN, BT g, e T

1 1 1
N3:§+CN4, N2:§ —|—€1N1—|—CN3 andN1:§ +C(€2)N2+C(€3)N3+CN4.

g1 =
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Finally, we choose N large enough such that

1
N > —
max (kl

With these choices, (3.66]) takes the form

0

where c; is a positive constant, and

IS 'S 2 £
S & 2 ~2 9
(1+—£2)|Z’ +m‘¢‘ +§2‘9‘ + (7]

Since N is large enough then there exist two positive constants (3, and [,

F(&t) =

[

_l_

BLE (6,1) < L(E,1) < BE(£,1).

From we deduce that -
F(&t) > (6 E( 1),

where); (§) = (HEQ)
constants C' and ¢ such that

—[T(e.0| < CEE0)e O = [T (,0)|emOr

1
[C (61) Nl + CNQ + CNg + 0(64) N4] s ; [ONl + CN2 + CNg + CN4 + C]) .

(3.67)

(3.68)

(3.69)

(3.70)

Consequently, from(3.67)), (3.69) and (3.70), we can find the positive

For the cases (3.2|—3.3)). Following the same steps as in the previous case, we will have

CLEN+aF(En <
where
Flen =-Hf%7wﬁ+af%7mf+af%?||
e e
and then, we obtain
B(&t) = |U (6] < OB (6,000 = 0 |0 (€, 0)[ 20",
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For the cases (3.4/—{3.5)). Following the same computation as before, we obtain:

LED+aFED<O

o
where
Flet) = (15—2)3|| uf—;wmu(lf—z)m
+(1f—5) Egeh f;)g of e ol +mp.
and then, we obtain
B(&t) =00 <CBE0) O =0 |0 (E0)|emO",

¢
where )\3 (5) = (1? .

For the cases (3.6 —3.7)). Following the same computation as before, we get:

L(E)+aF (<0

ot
where
Fiet = ol Of—;)zlmfmf—z)m
+(1f—§) 2+ Of—g) 3 e ol + .
and then, we obtain
B(&t) =00 < CBE0) ™0 =0 |0 (E,0)enO",

where A\ (§) = This complete the proof of Proposition 3.1.

(HEQ)

3.2 Decay estimates

In this subsection, we establish the decay estimates of the solution U(z;t) of system ({2.1)).
Our main result reads as follow:
Theorem 3.2. The solution U of the problem satisfies the following decay estimates
fort>0
a- If is satisfied, then we have
1050 )] 2 < C (L4875 [Tl + Ce™ [|O5T|
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b- If (3.2) or (3.3) is satisfied, then we have

1050 ()| 12 < C (1 +1)"5 75 |Up|[ 1 + Ce || 05T,

Iz Iz

c- If (3.4) or (3.5)) is satisfied, then we have

05U (1) ,. < C(1+ t)‘%‘g 1Uo (8)]] ;2 + C (1 + t)_g 05T, (1)), -

d- If (3.6) or (3.7) is satisfied, then we have

105U (1), < C(1+1t)" =6 Ul +C(1+1)" ||8’“+5U0H

M 2 E

where C' and ¢ are positive constants, and k and § are two positive integers.

Proof. By using the Fourier transform, the proof of theorem 3.2 is reduced to the analysis
of the behavior of the spectral parameter in low- frequency or in the high-frequency regions.
The proof is based on the pointwise estimates in proposition3.1. Applying the Plancherel
theorem and making use of the inequality in , we obtain

U @2 = / U (¢, 1) de (3.1)

< c / g e 0T (¢,0)] de

< /52” T o drc [ eneooeol d
l§1<1 [€1>1
= I+ .

The integral here is split into two parts: the low-frequency part (|¢| < 1) and the high-
frequency part (|¢| > 1).

Estimation of I :
For the case 1} with A (§) = A (&) =

have

1+§2 .Here, we see that A\ (£) > %, so that we

[1 S C / 5271 6—c§2t
|€1<1
For 1 < p < 2, we choose p such that %—I— % = 1. Also, we take r such that %+§ = 1. Then,

we see that % = ]13 — % Applying the Holder inequality and the Hausdorff-Young inequality,
we can estimate [; as

U (€, 0)(2 d.

2
2n 67052

no<cfe

’ U (¢

Lr(J¢1<1) La

< CA+) T U @Ol =+ DT U @0,
For the cases 1 — [3.3) with A(&§) = X2 (&) = & and for the cases — a

(1+52)
with A (&) = \3(&) = Here, one can see that A (£) > & Z or A(€) > ¢ —, so that we

5
(1)
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have

L, < 5271 €—c§4t

2
7o
Lr(|€]<1) La

< C+1) M?HUuomm—wm1+w%“ 75U (,0)2,.

For the cases .— . ) with A (&) = M\ (&) = ﬁ; It’s easy to see that: A (§) > %,
then we have:
2
Lo< Cfgre HU
Lm(]¢<1) La

< ca+w<w3wuxmmw—cu+w%@2>swuxmmw

Estimation of I :

For the case with A (§) = A1 (§) = 1+€2, and for the cases ' w1th A&

Ao (&) = 157) In the high frequency region, one can see that A (§) > C for |{] > 1.

Therefore we can estimate Iy as

I, < 06”/52" U(

1€1=1

< CeetorU (£,0)]3: -

For the cases — 3.5) with A (&) = A3 (&) = (15;)3, or for the cases — 3.7) with

AE) =M (6 = (1522)4. It’s easy to see that A (&) > C for |¢| > €2 Therefore we can

2
dg

estimate I as

Loz Osup (jg e [ e |7 o) a

/=1
§1=1

< C+6)7||arru €, 0)|7, .

Substituting these estimates into (3.1)) gives the estimations in Theorem 3.2.
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