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ABSTRACT. In this article, we introduce a new concept of quantum integrals which is called *2Ty-
integral. Then we prove several properties of this concept of quantum integrals. Moreover, we present
several Hermite-Hadamard type inequalities for “2Ty-integral by utilizing differentiable convex func-
tions. The results presented in this article are unification and generalization of the comparable results
in the literature.

1. INTRODUCTION

In mathematics, the quantum calculus is equivalent to usual infinitesimal calculus without the con-
cept of limits or the investigation of calculus without limits (quantum is from the Latin word “quantus”
and literally it means how much, in Swedish “Kvant”). It has two major branches, ¢-calculus and the
h-calculus. And both of them were worked out by P. Cheung and V. Kac [13] in the early twentieth
century. In the same era FH Jackson started worked on Quantum Calculus or g-calculus, but Euler
and Jacobi had already figured out this type of calculus. A number of studies have recently been
widely used in the field of g-analysis, beginning with Euler, due to the vast necessity for mathematics
that models of quantum computing g-calculus exist in the framework between physics and mathe-
matics. Tariboon and Ntouyas [22] proposed the quantum calculus concepts on finite intervals and
obtained several g-analogues of classical mathematical objects. This inspired other researchers and, as
a consequence, numerous novel results concerning quantum analogues of classical mathematical results
have already been launched in the literature. Noor et al. [17] obtained new g-analogues of inequality
utilizing first order g-differentiable convex function. In [1], Alp et al. acquired some bonds for left hand
side of g-Hermite Hadamard inequalities and quantum calculations by using convex and quasi-convex
functions for midpoint form inequalities. For more details, see [13]-[21] and references cited therein.
In various mathematical fields, it has many applications, like number theory, combinatorics, orthog-
onal polynomials, simple hyper-geometric functions and other sciences, quantum theory, physics and
relativity theory. Many of the fundamental aspects of quantum calculus. It has been shown that
quantum calculus is a subfield of the more general mathematical field of time scales calculus. New de-
velopments have recently been made in the research and methodology of dynamic derivatives on time
scales. The research offers a consolidation and application of traditional differential and difference
equations. Moreover, it is a unification of the discrete theory with the continuous theory, from the a
theoretical perspective. Time scales provide a unified framework for studying dynamic equations on
both discrete and continuous domains. In studying quantum calculus, we are concerned with a specific
time scale, called the g-time scale, defined as follows: T := ¢"0 := {q' : t € Ny} see [1]-[10] and ref-
erences cited therein. The Hermite-Hadamard inequality was introduced by Hermite and Hadamard,
see [11]. It’s one of the most recognized inequalities in the theory of convex functional analysis, which
is stated as follows:

Let F : [k1, k2] — R be a convex mapping and k1 < k2. Then

(1.1) f(“l ”2) < @im 72]:(%)d%§ F(m1) + F (r2)

2 2
If F is concave, both inequalities hold in the reverse direction.
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The important purpose of this article is to derive some new quantum integral Inequalities of the
convex function for midpoint formula. Moreover, when ¢ — 1, several examples of Hermite-Hadamard
form inequalities are derived as special cases.

2. PRELIMINARIES OF ¢-CALCULUS AND SOME INEQUALITIES

Several fundamental inequalities that are well known in classical analysis, like Holder inequality,
Ostrowski inequality, Cauchy-Schwarz inequality, Griiss-Chebyshev inequality, Griiss inequality. Using
classical convexity, other basic inequalities have been proven and applied to g-calculus. For more
details, please see, [1, 3, 7, 9, 16, 17, 20, 23].

In this section, we discuss some required definitions of quantum calculus and important quantum
integral inequalities for Hermite-Hadamard on left and right sides bonds.

1—-q"
[n]q - 1— q
Jackson derived the g-Jackson integral in [12] from 0 to xo for 0 < ¢ < 1 as follows::

=1+q+¢+..+¢"" qe(0,1).

n=0

(2.1) /.7:(%) dgx = (1—q) ke Z q"F (kaq™)
0

provided the sum converge absolutely.
The ¢-Jackson integral in a generic interval [k1, k2] was given by in [12] and defined as follows

!]—"(%) dyr _O/H%) dyr —O/]-'(%) dys .

Definition 1. [22] We suppose that a function F : [k1, ka] = R is continuous. Then q,, -derivative of
F at x € [K1, k2] is defined as follows

F () = F (g + (1 — q) k1)

2.2 w1 DgF () = , X F K.

( ) q ( ) (1_q)(%_l€1) 7& 1

Since F is a continuous function from [ki1,ke] to R, so o, DgF (k1) = lim ., DgF (3) . The func-
H—r K1

tion F is said to be q- differentiable on [k1, ko) if «, DgF (t) exists for all s € [k1,k2]. If K1 =0

in (2.2), then oDgF (3¢) = DyF (3) , where DyF (3) is familiar q-derivative of F at » € [k, k2]

defined by the expression (see [13])

_FA T,
(1—q)s

Definition 2. [4] We suppose that a function F : [k1, k2] — R is continuous, then ¢"2-derivative of

F at s € [k1, ko] is defined as follows

Dy F ()

F gz + (1 —q)ka) — F ()
(1—q) (k2 — )
Definition 3. [22] We suppose that a function F : [k1,ke] — R is continuous, then the q, -definite

integral on [k1, k2] is defined as follows

"2 Do F (32) = , % # Ka.

n=0

K2 00 1
/]:(%) wdg =(1—9q) (ng—m)Zq"}"(q"Fag—&—(l—q”)m) = (ng—m)/}'((l—t) K1+ tke) dgt .
K1 0

In [1], Alp et al. established the g,,-Hermite-Hadamard inequalities for convexity, which is defined as
follows,

Theorem 1. Let F : [k1, k2] = R be a convex differentiable function on [k1,ke] and 0 < ¢ < 1. Then
q-Hermite- Hadamard inequalities are as follows:

(23) Py < L [0 dye < T
Ro — K1

14¢ 14¢
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The authors of [15] and [1] have set certain boundaries for the left and right sides of the inequality
(2.3).
On the other hand, the following new description and related Hermite-Hadamard form inequalities
were given by Bermudo et al.:

Definition 4. [4] Let F : [k1, k2] — R be a continuous function. Then, the ¢"2-definite integral on
[£1, k2] is defined as

K2 50 1
/]:(%) "2dexn = (1—q) (k2 — K1) Z q"F (¢"k1+ (1 —q") ka) = (ko — K1) /f(tm + (1 —1t) ko) dgt .

n=0 0

Theorem 2. [4] Let F : [k1,k2] — R be a conver function on [ki,k2] and 0 < ¢ < 1. Then,
q-Hermite-Hadamard inequalities are as follows:

(2.4) f(’““”’”) < - IK /]—"(%) wadyse < T T aF (ko)
2 — vl

1+g¢ 1+¢q

From Theorem 1 and Theorem 2, one can the following inequalities:

Corollary 1. [4] For any convez function F : [k1,k2] = R and 0 < ¢ < 1, we have

(2.5)

gr1 + Ko K1+ qka 1 K2 K2

IS < . 3
f< l+gq )+f( I+gq ) T K2 — K1 /]:(%) a2 +/f(%) dgse ¢ < F (k1) +F (k2)
and

K1+ K2 1 7 7 F (k1) + F (k2)

2. < . _ Fle) 4 F ()
( 6) JT:( 2 ) - 2(,4327”1) /]:(%) N1dq% +/]:(%) dq% < 5

Alp and Sarikaya, by using the area of trapezoids, introduced the following generalized quantum
integral which we will called ., T,-integral.
Definition 5. [2] Let F : [k1, k2] = R is continuous function. For s € [k, k2]

K2

(2.7) /]:(g) wdTE = (1-4q) ;/;2 — K1)

(1+4q) Z q"F(q"k2 + (1 —¢") k1) — F (ko)

n=0

K1
where 0 < g < 1.

Theorem 3 (g-Hermite-Hadamard). [2] Let F : [k1,k2] — R be a convex continuous function on
[K1,k2) and 0 < g < 1. Then we have

(2.8) f(“”'”) <1 /}'(%) dls < T LT (R)
K2 — R1

2 a 2

3. NEW GENERILAZED QUANTUM INTECGRALS

In this section, we introduce to a new generalized quantum integral which is called "“27T,-integral.
We also prove several properties of this integral.
As can see from Figure 1, the area of n*"-trapezoid is

F (qn+1H1 + (1 _ qn+l) Hg) + F(q"k1+ (1 —¢"™) ka)

By, = (1-q)q" (k2 — k1) 5
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\

0 K1 At (1-ak: @K+ (1-a)K: K2

FIGURE 1. Areas of Trapezoids

By summing of the all area of B,, n = 1,2, ..., we have
- (1_q)("€2_ﬁl) & n n n = n n n
Z()Bn = f Zoq f(q +1/<;1+(1—q +1)/€2)+Zoq .7:((] ﬂ1+(1*q)l<62)
- Uz9lmom) |l i " TF (" R+ (1= ¢") ko) + i q"F(q"k1+ (1 —q") k2)
2 q n=0 n=0
1-— Ko — k1) [1 & =
= ((1)(2—21) Zq"}'(q"m+(1—q”)n2)+Zq"}'(q”m+(1—q")ng)]
L n=1 n=0
_ (1 - q) (KQ — “{1) 1 - n n n - n n n
= — |3 F (1) = F(51) + > q"F(¢"r+ (1= q") k) ¢+ Y ¢"F (q"k1 + (1 — ¢") 2)
L n=1 n=0

(1—q) (v —r1) | {

5 ~F (k1) + Y q"F (¢ k1 + (1 -q") 52)} +Y ¢"F(g"m+ (1 -q") “2)]

n=0

Q| =

n=0

_ (1“1);’;2"’“) (1+q)Zq"f(q"m+(1—qn>/<2)—f(“1)]
n=0

= ]27(5) A

Now we can give the following definition.

Definition 6. Let F : [k1, k2] — R is continuous function. For s € [k1, ka),

(3.1) /]:(,5) nzdgg — (1—61);/;2—*61)

(14+9) Y q"F (¢ 1+ (1 —q") ko) — f(fﬁ)]

n=0
where 0 < g < 1. This integral is called "*T,-integral.

Theorem 4. Let F : [k1, k2] = R be a continuous function. Then we have

K2

(3.2) 2D, /]:(’5) w2 dTe :_]:(%)"i‘]:(q%'i‘(l_q)"fz)

2
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for s € [k1, Ko .

Proof. From definition of "2T-integral, we have
K2
1 —q) (k2 — )
K2 dT — (
[F© = -

From the Definition 2, we obtain

L+ Y ¢"F(qg"sc+(1—q") ka) = F (%)] :

n=0

P / F(§) mdle
= mp, {1_q i (1+4q) Zq"}'q%—i—(l—q)@) f(%)]}
n=0

_ 1 {1—q)( —%)q

(1+q) i "F (" e+ (1= ¢"") ka) = F(gre+ (1 - q) fﬂz)}

(1—q) (k2 — ) 2q
W IR S )
n=0

(1+q) (qu”f e+ (1 —qn“)@)—Zq”f(qnz+(1—qn)f-’»2))
n=0

F (5) = qF (g + (1 — q) K2)]

F () + F g+ (1 —q) ra)

2
The proof is completed. O

Theorem 5. Let F : [k1, k2] — R be a function and 0 < ¢ < 1. Then we have

1 K2
1
(3.3) /f(fﬁg +(1—&) k) Mgt = - /]-"(t) r2dl't .
0 K1

Proof. From definition of "7 -integral, we have

/.7:(5:%2 + (1 =& k1) tdgt
0

_ O_q;él_o) (1+ q);q"f([q"o +(1=g") ra+ (1= [q"0+ (1 = ¢") 1)) k1)
—F(0b+ (1 —0) k)]
(1-q)

(1+q) Y q"F(q¢"k1+ (1= q") k) = F (k1)

n=0

K2
1
= F(t) ==dlt .
1432—51/ 2 a

K1

2q

The proof is completed. O

Theorem 6. Let F : [k1, k2] — R be a continuous function. Then we have

K2

(3.4) / raD, F(6) r2dl¢ = (1 + q)F(k2) — ¢F (5) — Flgr + (1 — q)k2)

2q
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for s € (K1, Ka)

Proof. From Definition 2, we have

F g€+ (1 —q) r2) — F (&)
(1—q) (k2 =¢) '

me ./_‘.(f) =

By using Definition 6, we have
K2

rsDg F (§) ™dg€

7+ 1*(1)%2) F (&)

_ ko JT'
B (1—q) (k2 —&) dat
 —gtu- = QF (¢t (L= g ) k) Flgre+ (1—q) o)
B 29 1+qz_: (1—q) g (k2 — ) (1—q) (k2 — )
(1-gq) (k2 — %) mq”Fq%Jr (1—q") ka) F (%)

B 2q 1+qz (1—=q)qn (k2 — ») 7( —q) (k2 — »)

= 12% Zf(q”“%—l— (1 — q"“) 52) —F(q"sx+ (1 —q") ko)
n=0
oo IF (@64 (1= @) + F ()
(14 q)F(k2) — qF () — Flgx + (1 — g)k2)

2q
The proof is complated.

Theorem 7. Assume that F,g : [k1, k2] = R are continuous functions. Then we have

(3.5) / F©) +9(6)] =dTe = / Fe) ®dT¢ + / g(€) *dT¢

for s € [k1, Kol .

Proof. Using the definition of *27T,-integral, we can write that

K2

/ F () +g(&)] *dle

»

_ “_”2(52{ 1+ q) ;)Q" ("5 + (1= q") ha) + g (4" + (1= ") ko
—F (5) — g (59)}
_ @—@2((;2—}‘) q)nz_;)q”f(q"%ﬂl—q”)ﬁz)—ﬂ}f)l
+(1_q)2(52_%) (1+q)Zq"g(q"%+(1—q")“2)—9(”)]
n=0
= [F© =dpe + [g©) e

which finishes proof.

)]

|
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Theorem 8. Assume that F : [k1, k2] — R are continuous functions and o € R. Then
K2 K2
(3.6) [@r© mdie —a [F( mape

for s € [k1, k2]
Proof. Bt the definition of “2T,-integral, we have

K2

/ (aF)(€) =dTe =

k3

(1 —q) (k2 —5)
2q

(1—q) (k2 —2)
2q

(149> q" (aF) (¢"+ (1 = q") k2) — (aF) (%)]

n=0

= «

1+ q"F(q =+ (1—q") ka) — f(%)]

n=0

— o [F© =

Theorem 9. Assume that F,g: [k1, k2] = R are continuous functions. Then we have

(3.7) / F(€) %Dy g(€) "dle

qF () g (&) + F (g€ + (1 —q)ra) g (g€ + (1 —q) ko) [
2q e

K2

—/g<q£+<1—q)m> wD, F(€) rdle

b3
for s € [k1, Ko .

Proof. Using Definition 2, we get

(3.8) "Dy (F(€)g(8))
_ F€+ (1 —q)r2)g g€+ (1 —q)r2) = F(§g (&)
(1—4q) (k2 —¢)
_ 9(g€+ (1 —q)k2) —g (&) vy TaE (L — @) kg) — F(€)
S e T B A I

= F (&) "Dq g(§) +9(@€+ (1 —q)r2) "Dy F(§).
By taking ">T,-integral of the equality (3.8), we get

K2

(3.9) / D, (F(€)g(€) "dle

= [F@© =D, 9@ wdge + [gs+1-qm) D, F () e

el
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By applying Theorem 2.4, we have

K2

(3.10) [ =p, F©ae) die
_ (14 q) F(ra)g(ra) —qF () g(§) = F(e€+ (1 —q)ra)g(a€+ (1 —q)ra)
2q
_ P (9O +F(eE+ A —q)r2)g(@€+ (1 —q)ra)|™
2q L

From the equalities (3.9) and (3.10), we obtain

gF (§)g &)+ F g€+ (1 —q) k) g(gé+ (1 —q)ra)|™
2q

/f@)@%g@)@ﬁg -

»

K2

-1/gmg+<1—@ng %D, F(€) ®dT¢ |

s

This completes the proof. O

Theorem 10. Assume that F,g : [k1,k2] — R are continuous functions and F(£§) < g(&) for all
& € [, ka]. Then we have

]2}'(5) "2dg € <729(§) "2y €

for s € [K1, Kol .

Proof. Bt the definition of “2T,-integral, we have

/f(g) mdle = W (1+q)2q”}-(qn%+(1qn)ﬁ2)f(%)]
J L n=0
_ w (1+q)n;q”f(q”%+(1q”)ﬁ2)+q7’(%)]
< w (1+q)zq”g(q”%+(l—q”)ﬁz)+qg(%)1
_ (1—‘1)2(52"4) (1+q)2q"g(q"%+(1—ff)f’~2>—9(%)]
L n=0

K2

- /g@>Wﬁf.

s

Proposition 1. For a € R\ {—1}, we have the following equality

14 ¢®

2[a—|—1]q

b
(3.11) /(bf.s)a bdgs = (b—a)*t.
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Proof. Using the definition of *2T,-integral, we have

/ (ro = )" mdje = = |14+ ) ¢" (k2 = (" + (1= q") R2))" = (2 = 29"

n=0

T (1—q) (ks — ) [ < . ]

2 L

_ w (1+q)zqn(qn(52—%))°‘—(Hz—%)a]

2q L n=0
1—q) (kg — @ o a a
= % (14 q) (kg — ) Z(q +1)n(/£2%)]
L n=0
Q- [ (te)
2q 1—qot!
_ l-q 1+4¢° a+l
S Tgen g )
1 1+¢” at1
= (kg —3)" 7.
[a + l]q 2
The proof is completed. O

4. HERMITE-HADAMARD INEQUALITIES FOR "2T,-INTEGRAL

In this section, we present some Hermite-Hadamard type inequalities for #27-integral by utulizing
convex functions .

Theorem 11. Let F : [k1, k2] — R be a convex continuous function on [k1,ke] and 0 < ¢ < 1. Then
we have

(4.1) ]-‘<K1+K2) < - 15 /]:(%) m2 gl 5 SM
2 — Nl

2 2

Proof. Since F is differentiable function on [k1, k2], there is a tangent line for the function F at the
point “5%2 € (k1,k2). This tangent line can be expressed as a function Wy () = F (5552) +
P (s142) (- o)

~

K1 K1+ gky K1+ Ko gr1+ K2 K9
1+¢q 2 1+gq
Ws(x) Wy(x)

F1GURE 2. Graphs of a convex function F and some tangent lines
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Since F is a convex function on [k1, ko], then we have the following inequality

(4.2) Uy () = F (’“;’”) +F (“1;@) (% S ; ””) < F(»)

for all s € [k1, k2] (see Figure 2). From Theorem 10, we have
K2 K2
/\111 (30) m2dfs < /F(%) "2dl s
K1 K1

By Definition 6, we have

_ (K2_H1)]__(m;—l€2) f/(ﬁ1;K2>/<ﬁ2_%+K1 Hz) szg%
- (/-;Q—m)f(““““)—f’(’“+”2>
2 2
17(] 1+q 2H2 K1 — R2
Xl(l—q2)< B >(I€2%) Kl‘i’ 9 (Ifglil)‘|
. _ K1+ ke o, (Kl+ Ko (k2 — K1) _(/‘12*51)
—<n2m>f(2>f(2)[ . .
= (I{Q—K)l)f(ﬁl—;/i2>

This gives the proof of first inequality in (4.1).
On the other hand, we have the function Uy (32) = F (k2) + Llra)=F () (3¢ — k2) (see Figure 2).

K2—K1
Since F is convex function on [k, k2], we have the inequality

F () < Wy (%)

and thus, by Theorem 10, we get

/.7:(%) m2dl s S/\Ifz () "2dl >
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for all ¢ € [k1, ko]. By definition of “2T,-integral, we have

= [ (P + TEETE o))

R — K1

K2

.7'-(%2) — ]:(Iil) Ko
R / (kg — ») d?;%

K1

= (k1) F () — T2) = 7 (1) (1_q> (Hq) (k2 — £1)°

= (k2 — k1) F (k2) —

K2 — R1 1— q2 2
_ F(r2) = F(k1) (k2 — £1)*
= (k2 — K1) F (k2) — g 5
Flr1) + F(x
= (KQ 7%1) —( 1) 9 ( 2).
The proof is completed. O

Remark 1. In Theorem 4.1, if we take the limit ¢ — 1=, we recapture the classical Hermite-Hadamard
inequality for convex function.

Theorem 12. Let F : [k1,k2] — R be a convex differentiable function on [k1,ke] and 0 < ¢ < 1.
Then we have
(4.3)

Pt L ) () 1 gy, P EF)
1+4¢ 1+g¢ 2 1+g¢ Ko — K1 2

Proof. Since F is differentiable function on [k1, k2], there is a tangent line for the function F at the

point % € (k1,K2). This tangent line can be expressed as a function W3 () = F (M) +

T+q

F' (q“f:q"z) (%7 q”qu’”). Since F is a convex function on [k1, k2], then we have the following
inequality

(4.4) U3 () < F(x)

for all s € [k1, k2] (see Figure 2). From Theorem 10, we have
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By definition of 2T} -integral, we get

K2

/\113 (5) "2dl s
K1
Ko

_ /[f(qurnQ) F (qm+nz> (%_ qn1+n2>} %2 5
1+g¢g 1+g¢ 1+4¢
K1
-

qk1 + Ko s [ 9K1 t+ K2 K1 — Ko o T
fr— —_ e — — P — — Iid
(K2 51)]:< 114 > -7'—< 114 ) /</‘02 x+q 1+q> a”

L1

_ _ gr1 K2\ o, (g1t k) [ 1—¢ L+¢q 2, k1 —hke _
= (o m)f( 1+¢ ) F( l+q )-(1(12)( g ) m)t l1+q a(k2 = 1)

2 2
qr1 + Ko ;[ qR1 + K2 (K2 — K1) q (ko — K1)
= - Fl———=) - F _
(K2 = 1) <1+q> <1+q> 2 1+g¢

which completes the proof. O

Theorem 13. Let F : [k1,k2] — R be a convex differentiable function on [k1,ke] and 0 < ¢ < 1.
Then we have
(4.5)

K2
1-— — 1
(fﬁ +fo2> q (k2 fi1)f/<%1+qff2) < 1! /J—‘(%) k2T s Sf(ffl)ﬂLJ:(Hz).
1+4¢ 1+4¢ 2 1+g¢ Ko — K1 2

Proof. Since F is differentiable function on [k1, k2], there is a tangent line for the function F at the

point % € (K1,k2). This tangent line can be expressed as a function Wy (3) = F (M) +

14q
F' (Rlliqq'”) (%— “111‘1;2). Since F is a convex function on [k1, k2], then we have the following
inequality
(4.6) Wy () < F(0)

for all s € [k1, k2] (see Figure 2). By Theorem 10, we have

K2 K2
/\114 () m2dfs < /.7-"(%) "2dl s
K1 K1
By definition of "2Tj-integral, we get

Ko

Wy (5) "2d] s
K1
_ 72[]:(%1+qf€2> e (m +qnz> (%_ o +qn2>} g,
1+gq 1+gq 1+gq !

K1

K1+ gk /[ F1+gR2 i K1 — K2 o T
= — JE———— — . _ -~ Kd
(K2 m)}'( g ) f( T4 )/(lﬁg »+ 14 ) .

K1

_ _ K1tgqre\ - (K1 + gk 1—g¢q l+g¢ 2 K1 k2
= Kl)f( l+gq ) f( L+q )chﬂ)( g ) (m2 ) ) 1+q

_ (H2H1)J__<H1+ql€2) _F (/flJrqHz) (k2 — K1)° _ (k2 — K1)°
1+g¢ 1+g¢ 2 1+gq

This gives the proof of theorem. O
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Theorem 14. Let F : [k1,k2] — R be a convex differentiable function on [k1,ks2] and 0 < ¢ < 1.
Then we have

K2
1
(4.7) max {11, I, I3} < 7/.7:(%) "2dl e < M
Ko — K1 2
K1
where
K1t K
o (),
qr1 + K2 q—1 (k2 — K1) -, [(gr1 + K2
I=F + F
’ ( 1+q ) l+q 2 1+4q
K1+ k2 1 —q (k2 — K1) /(N1+q/€2>
Is=F + F .
’ ( 1+4q > 1+q 2 1+g¢
Proof. A combination of (4.1), (4.3), and (4.5) gives (4.7) and the proof is completed. O

5. CONCLUSION

In this article, we proved a new idea of quantum integrals which is called "?T,-integral. By using
this idea, we proved several properties for quantum integrals. Further, we presented several Hermite-
Hadamard type *?T,-integral inequalities within class of convexity. It is also shown that some classical
results can be obtained by the results presented in the current research by taking the limit ¢ — 17. It
will be an interesting problem to prove similar inequalities for the functions of two variables.
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