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Abstract15

Thermal runaway is a ductile localization mechanism that has been linked to deep-focus16

earthquakes and pseudotachylyte formation. In this study, we investigate the dynam-17

ics of this process using one-dimensional, numerical models of simple shear deformation.18

The models employ a visco-elastic rheology where viscous creep is accommodated with19

a composite rheology encompassing diffusion and dislocation creep as well as low-temperature20

plasticity. To solve the nonlinear system of differential equations governing this rheol-21

ogy, we utilize the pseudo-transient iterative method in combination with a viscosity reg-22

ularization to avoid resolution dependencies. To determine the impact of different model23

parameters on the occurrence of thermal runaway, we perform a parameter sensitivity24

study consisting of 6000 numerical experiments. We observe two distinct behaviors, namely25

a stable regime, characterized by transient shear zone formation accompanied by a mod-26

erate (100 - 300 Kelvin) temperature increase, and a thermal runaway regime, charac-27

terized by strong localization, rapid slip and a temperature surge of thousands of Kelvin.28

Nondimensional scaling analysis allows us to determine two dimensionless groups that29

predict model behavior. The ratio tr/td represents the competition between heat gen-30

eration from stress relaxation and heat loss due to thermal diffusion while the ratio Uel/Uth31

compares the stored elastic energy to thermal energy in the system. Thermal runaway32

occurs if tr/td is small and Uel/Uth is large. Our results demonstrate that thermal run-33

away is a viable mechanism driving fast slip events that are in line with deep-focus earth-34

quakes and pseudotachylyte formation at conditions resembling cores of subducting slabs.35

Plain Language Summary36

Thermal runaway is a mechanism that concentrates material deformation into thin37

layers without breaking the material and has been linked to earthquakes more than 7038

km below the surface. This study uses one-dimensional computer models with a com-39

plex material behavior and conducts 6000 numerical experiments to investigate the in-40

fluence of different parameters like temperature, deformation rate and material proper-41

ties. Results show two distinct behaviors, namely a stable regime with slow sliding and42

a temperature rise of 100 - 300 Kelvin or thermal runaway with fast movement and a43

temperature increase of a few thousand Kelvin. We find two dimensionless ratios that44

are combinations of the input parameters and can predict the behavior. The ratio tr/td45

compares heat production to heat loss, and the ratio Uel/Uth compares stored elastic en-46
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ergy to thermal energy. If the first ratio is small and the second ratio is large, thermal47

runaway occurs. Our results show that thermal runaway could cause fast deformation48

events like earthquakes and produce thin layers of molten rock in conditions that are typ-49

ical for some locations inside the Earth.50
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1 Introduction60

Strain localization characterizes geodynamic processes across scales ranging from61

µm (mineral grains) to thousands of km (plate tectonics) by allowing ”stiff” blocks to62

move past each other on thin, ”weak” layers. In the crust, this usually occurs via brit-63

tle failure (i.e., breaking the rock). As brittle strength is expected to increase linearly64

with confining pressure (Byerlee, 1978) until reaching the strength of atomic bonds (Renshaw65

& Schulson, 2007), a ductile localization process is likely dominant at larger depths.66

Alongside grain size reduction (e.g., Kameyama et al., 1997; Braun et al., 1999; Ri-67

card & Bercovici, 2009; Thielmann et al., 2015), a commonly proposed mechanism for68

ductile localization is viscous dissipation or shear heating (e.g., Brinkman, 1951; Yuen69

et al., 1978; Regenauer-Lieb & Yuen, 1998). The combination of deformation, shear heat-70

ing and a temperature-dependent rheology form a positive feedback loop called thermal71

runaway that can lead to catastrophic strain localization and fast-slip events (Gruntfest,72

1963; Hobbs et al., 1986). Thermal runaway has been linked to lithosphere-scale defor-73

mation (e.g., Regenauer-Lieb & Yuen, 2004; Kaus & Podladchikov, 2006; Thielmann &74
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Kaus, 2012; Kiss et al., 2019) and deep-focus earthquakes (e.g., Ogawa, 1987; Regenauer-75

Lieb & Yuen, 2003; John et al., 2009; Thielmann et al., 2015).76

A number of previous one-dimensional (1D) studies have numerically investigated77

ductile localization and/or thermal runaway with varying rheological complexity rang-78

ing from diffusion creep to nonlinear visco-elasticity including grain size evolution (e.g.,79

Yuen et al., 1978; Ogawa, 1987; Braun et al., 1999; Kaus & Podladchikov, 2006; Braeck80

et al., 2009; Thielmann et al., 2015). Kameyama et al. (1999) and Thielmann (2018) are81

the only studies to include low-temperature plasticity (LTP) in their rheological model,82

concluding that it inhibits or delays thermal runaway at natural conditions. While all83

studies observe ductile localization, an important distinction can be made between lo-84

calization onto finite width shear zones accompanied by moderate temperature increases85

(100 - 300 K) towards a quasi-steady-state (e.g., Yuen et al., 1978; Kiss et al., 2019) and86

infinite-like localization accompanied by temperature increases of several hundreds or87

thousands of Kelvin within seconds (e.g., Ogawa, 1987; Braeck et al., 2009). We will only88

refer to the latter case as thermal runaway. While successful two- and three-dimensional89

(2D and 3D) models of ductile localization exist (e.g., Kaus & Podladchikov, 2006; Duretz90

et al., 2019; Kiss et al., 2019), extensive parameter studies are limited to 1D due to the91

large computational cost of 2D and 3D simulations.92

The aims of our study are as follows: (i) develop a 1D numerical code that can cover93

the loading, heating and unloading (through shear zones and/or thermal runaway) of rock94

with a rheology including elasticity, diffusion creep, dislocation creep and low-temperature95

plasticity, (ii) present numerical strategies to deal with nonlinearities during thermal run-96

away, (iii) illustrate the effects of such strategies, (iv) identify the necessary conditions97

for thermal runaway in velocity driven simple shear.98

2 Methods99

Section 2.1 presents the model setup, section 2.2 lists the governing equations and100

section 2.3 outlines their implementation. Section 2.4 outlines the ranges of our param-101

eter study.102
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2.1 Model setup103

We use a 1D simple shear setup with an olivine rheology, a central, weak anomaly104

and constant kinematic boundary conditions that load the model (Fig. 1a). The anomaly105

is created by multiplying the diffusion and dislocation creep flow law pre-factors by a vec-106

tor ω which follows a normal distribution, centered at 0, with a minimum of 1, a max-107

imum of ω0 > 1 and a full-width-half-maximum (FWHM) of h:108

ω = 1 + (ω0 − 1) e−
1
2 (

x
σ )

2

, (1)

where109

σ =
h√

8 ln(2)
, (2)

and x is the coordinate vector. The lower domain boundary is no-slip and the upper edge110

is moving with a fixed velocity (Vtop). Both boundaries are thermally insulated (i.e., no111

heat flux).112

2.2 Governing equations113

The system described above is governed by the equations114

∂τ

∂x
= 0, (3)

ρCp
dT

dt
= λ

∂2T

∂x2
+ τ ε̇vi, (4)

ε̇ =
1

2

∂V

∂x
, (5)

where τ is the shear stress (xy-component of the Cauchy stress deviator), x is the spa-115

tial dimension, ρ the density, Cp the specific heat capacity, T the temperature, t the time,116

λ the thermal conductivity, ε̇ the shear component of the deviatoric strain rate, ε̇vi its117

viscous part and V the velocity perpendicular to the spatial dimension. All other com-118

ponents of the stress and strain rate tensor and velocity vector are equal to zero. This119

implies that the divergence of velocity is zero and the system incompressible. For sim-120

plicity, we neglect inertia and body forces (i.e., gravity) as well as adiabatic and radio-121
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genic heating. The last term of equation (4) represents heat generation by viscous dis-122

sipation.123

We describe the visco-elastic rheology via a Maxwell model:124

ε̇ = ε̇el + ε̇vi =
1

2G

dτ

dt
+

τ

2 η
, (6)

where ε̇el and ε̇vi are the elastic and viscous components of the deviatoric strain rate,125

G the shear modulus and η the effective viscosity.126

2.3 Implementation127

We discretize equations (3)-(6) with finite differences on a staggered grid where ma-128

terial parameters, pressure, temperature, stress and strain rate are defined on cell cen-129

ters and velocities on cell edges (e.g., Gerya & Yuen, 2003). Equations are solved using130

the damped psuedo-transient approach (e.g, Frankel, 1950; Duretz et al., 2019; Räss et131

al., 2022). The code is written in the Julia programming language and we utilize the pack-132

age GeoParams.jl (Kaus et al., 2023) for internal nondimensionalization and scaling.133

2.3.1 Pseudo-transient approach134

In the pseudo-transient approach, the conservation equations are solved at every135

physical time step by introducing a residual (or pseudo time derivative) for each equa-136

tion and iteratively incrementing the primary variables V and T until the residuals are137

smaller than a given numerical tolerance. Applying this procedure to equations (3) and138

(4) yields139

∂V

∂ψ
=
∂τ

∂x
, (7)

∂T

∂ψ
=
λ
∂2T

∂x2
+ τ ε̇vi

ρCp
− dT

dt
, (8)

where ∂
∂ψ denotes the residual or evolution in pseudo-time. During each pseudo-time it-140

eration, each primary variable is incremented proportional to the sum of the current resid-141

ual and the previous increment (Duretz et al., 2019).142
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∆γ =

[
∂γ

∂ψ
+

(
1− 1

ζγ

)
∆prev
γ

]
∆ψγ , (9)

where γ is either V or T , ∆γ is the increment to the respective variable, ∆prev
γ is the in-143

crement of the previous iteration, ζγ is the damping parameter (> 1) and ∆ψγ is the144

size of the pseudo time step.145

2.3.2 Rheology and density146

Viscous deformation is a combination of diffusion creep, dislocation creep and low-147

temperature plasticity:148

ε̇vi = ε̇dif + ε̇dis + ε̇LTP, (10)

where the subscripts dif , dis and LTP denote diffusion creep, dislocation creep and low-149

temperature plasticity respectively. Consequently, the effective viscosity η can be expressed150

as151

η =

(
1

ηdif
+

1

ηdis
+

1

ηLTP

)−1

, (11)

ηdif =
1

2
A−1

dif d
m e

Edif
RT , (12)

ηdis =
1

2
(Adis)

− 1
n (ε̇dis)

1
n−1 e

Edis
nRT , (13)

ηLTP =
σLTP

2 ε̇LTP
, (14)

where A are pre-factors and E are activation energies of the respective flow laws, d is152

the grain size, m the grain size exponent of diffusion creep, R the universal gas constant153

and n the powerlaw exponent of dislocation creep. The LTP-stress σLTP is given by154

σLTP =
RT

ELTP
σres sinh

−1

(
ε̇LTP
II

ALTP
e

ELTP
RT

)
+ σb, (15)

σres = σL +
σK√
d
, (16)

where σb, σL and σK are material constants (Hansen et al., 2019). Given the non-155

linear nature of dislocation creep and low-temperature plasticity, the strain rate parti-156

tioning (eq. (10)) can not be solved analytically, but requires an iterative approach. It157
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can be updated and solved alongside the conservation equations (eq. (7) and (8)). Once158

the left hand side terms in equations (7) and (8), as well as the residual of equation (6)159

are smaller than the tolerance, the solution is converged and is equivalent to a fully im-160

plicit, backward Euler solution with converged non-linearities.161

Figure 1b shows a deformation mechanism map for the rheological model described162

by equations (10)-(16) and illustrates that LTP dominates at low temperatures, diffu-163

sion creep at high temperatures and dislocation creep at high strain rates due its shear164

thinning nature. The values of all used material parameters are given by Table 1.165

a)

low-temperature
plasticity

dislocation
creep

b)

diffusion
creep

c)

Figure 1. Model setup and rheology. (a) 1D Model setup including boundary conditions.

h and L are not to scale. (b) Deformation mechanism map for our rheological model. (c) Il-

lustration of the individual components of the rheological model. ηreg is purely numerical and

facilitates stability during the runaway when the upper viscosity branch trends towards 0.

As we are focused on understanding the impact of the composite creep rheology,166

we do not include grain size evolution in our model. In addition, there is no experimen-167
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Table 1. Material parameters. Diffusion and dislocation creep are for dry olivine from (Hirth

& Kohlstedt, 2003) and low-temperature plasticity from (Hansen et al., 2019). Values with

ranges were varied with the default value in parenthesis.

Parameter Value

G [GPa] 40 - 160 (80)

m 3

Adif [µmm MPa−1 s−1] 1.5× 109

Edif [kJmol−1] 375

d [µm] 100

n 3.5

Adis [MPa−n s−1] 1.1× 105

Edis [kJmol−1] 530

ALTP [s−1] 5× 1020

ELTP [kJmol−1] 550

σL [GPa] 3.1

σK [GPaµm0.5] 3.2

σb [GPa] 0.9 - 2.7 (1.8)

P0 [GPa] 10

ρ0 [kgm−3] 3300

Cp [J kg−1 K−1] 1000

λ [J s−1 m−1 K−1] 0.75 - 12 (3)

tal data on the contribution of LTP to grain size evolution. Even for dislocation creep,168

the partitioning factor of dissipative work is a controversial topic spanning several or-169

ders of magnitude in different studies (Chrysochoos & Belmahjoub, 1992; Austin et al.,170

2008; Rozel et al., 2011; Mulyukova & Bercovici, 2017; Holtzman et al., 2018; Ruh et al.,171

2022).172

We assume a background pressure P0 = 10 GPa which is roughly equivalent to173

300 km depth and a Poisson’s ratio of ν = 0.25 to adjust density (ρ) to upper mantle174

conditions.175
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ρ = ρ0 e
P0
Kb , (17)

Kb =
2G (1 + ν)

3 (1− 2 ν)
. (18)

2.3.3 Regularization176

Once initiated, the feedback loop of thermal runaway has no self-limiting mecha-177

nism other than heat diffusion. In viscous models, thermal diffusion can limit localiza-178

tion to a finite width (Duretz et al., 2014; Kiss et al., 2019). However, for visco-elastic179

rheologies, deformation commonly localizes onto a single grid cell which leads to mesh-180

dependent results (e.g., Iordache & Willam, 1998; De Borst et al., 1993; Jacquey et al.,181

2021) and temperatures of several tens of thousands ◦C (e.g., Ogawa, 1987; Thielmann182

et al., 2015). This poses several challenges: (i) The temperature rise is unrealistic as it183

would naturally be inhibited by melting. (ii) Computed velocities depend on spatial res-184

olution. (iii) The solution is numerically unstable as equation (11) approaches zero at185

high temperatures.186

To deal with the aforementioned issues, we regularize the viscous components of187

our rheological model (Fig. 1c), effectively adding a term to equation (11) which yields188

η =

(
1

ηdif
+

1

ηdis
+

1

ηLTP

)−1

+ ηreg. (19)

This approach has also been used to regularize brittle plasticity (e.g., Duretz et al.,189

2020; Jacquey & Cacace, 2020; Kiss et al., 2023). In section 3.2, we demonstrate how190

ηreg affects stress evolution, maximum velocity and maximum temperature. We further-191

more show how it introduces a grid independent length scale into the thickness of the192

shear zone.193

2.3.4 Discretization194

During thermal runaway, temperature, stress and velocity change drastically, thus195

requiring physical time steps in the range of milliseconds. The loading phase does, how-196

ever, require time steps of hundreds of years. To address this issue, we employ an adap-197

tive time-stepping scheme which adjusts the physical time step depending on the max-198

imum temperature and stress change in the model. To maximize the resolution in the199
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area where runaway is expected, we employ a variable grid spacing where cell size lin-200

early increases from the center to the outside. The outermost cells are about 125 times201

as large as the innermost ones.202

2.4 Parameter study203

We conduct 6000 numerical experiments, varying the parameters ε̇bg, G, σb, L, λ,204

T0, ω0 and h/L. The ranges for each parameter is given by Table 2. Temperatures are205

typical for the cores of subducting slabs (e.g., Gasc et al., 2022). Simulations run un-206

til they reach a shear strain of 1 which equates to a simulation time of 6 - 3000 kyr de-207

pending on ε̇bg. All models use ηreg = 1012 Pa s as this introduces no significant changes208

in the stress evolution, while improving convergence and limiting temperatures (see sec-209

tion 3.2). In supplementary Table S1, we show the full list of input parameter combi-210

nations.211

Table 2. Model parameter ranges.

ε̇bg [s
−1] G [GPa] σb [GPa] L [km] λ [J s−1 m−1 K−1] T0 [

◦C] ω0 h/L

Min 1× 10−14 40 0.9 1 0.75 550 1.01 0.005

Max 5× 10−12 160 2.7 180 12 750 100 0.080

3 Results212

3.1 General behavior213

In Figure 2, we show the temporal evolution of stress and maximum temperature214

in four representative simulations. Some models exhibit low-temperature plasticity and215

thermal runaway (Figure 2a), some show runaway without LTP (Figure 2b), some ex-216

hibit LTP without runaway (Figure 2c) and other simulations exhibit neither process (Fig-217

ure 2d). Each model starts with a phase of elastic loading where stress increases linearly218

until viscous creep limits and/or releases it. If models reach the low-temperature plas-219

ticity limit σLTP (Figure 2a,c), the temperature then starts to rise due to shear heating220

until stresses relax (black crosses in Figure 2) which is accompanied by a steeper tem-221

perature increase. At larger initial temperatures, relaxation starts before σLTP is reached222

(Figure 2b,d).223
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In all cases, we observe two types of behavior once stress relaxation starts. (i) Stress224

is relaxed over tens of thousands of years, accompanied by a temperature rise of 100 to225

300 Kelvin (Figure 2c,d). (ii) Stress is relaxed within seconds, accompanied by a tem-226

perature surge of up to thousands of Kelvin and a large slip event in the central anomaly227

(i.e., thermal runaway occurs, Figure 2a,b). Runaway may be preceded by a phase of slow228

relaxation (Figure 2b) or occur immediately after relaxation starts (Figure 2a).229

Figure 2. Stress and maximum temperature evolution for representative cases. Models in the

left column reached σLTP, models in the right column did not. (a,b) Thermal runaway occurs,

stresses are relaxed quickly with a large temperature surge. (c,d) No thermal runaway occurs,

stresses are relaxed with a moderate temperature rise.

In Figure 3, we show the evolution of stress and maximum temperature (3a), ve-230

locity (3b), viscous dissipation (3c) and location on the deformation mechanism map (3d)231

in a runaway case. While stress is at the LTP-limit, heating occurs mainly due to low-232

temperature plasticity and the velocity profile is linear. Once dislocation creep takes over233

inside the anomaly (orange cross in Figure 3), deformation starts to localize in the cen-234

ter and stress decreases. Afterwards, the model enters thermal runaway. During this phase,235

viscous dissipation of diffusion and dislocation creep increase by about 6 orders of mag-236
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nitude, resulting in a slip event in the center (inset in Figure 3b). During the peak of237

the runaway, diffusion creep shortly becomes the dominant mechanism. As heat subse-238

quently diffuses from the slip zone into the host rock, stress increases again and the model239

enters a stable sliding regime governed by dislocation creep. In Figure 3d, we illustrate240

that the transition from LTP to dislocation creep is followed by strong localization (in-241

dicated by a strong increase of viscous strain rate in the anomaly) which then causes a242

temperature surge.243

Figure 3. Representative model with thermal runaway. (a) Stress and maximum temperature

evolution. Crosses denote time steps that are represented by lines in b and crosses in c,d. (b)

Velocity profile during different stages of the model. Inset shows full range of the purple profile.

Colors correspond to the time steps marked by crosses in a. (c) Dissipation of the three viscous

deformation mechanisms. (d) Maximum temperature and maximum viscous strain rate evolution

on deformation mechanism map from Figure 1b. Note that there are 5 kyr between blue and

orange, but only a few seconds between purple and yellow.

–13–



manuscript submitted to JGR: Solid Earth

3.2 Regularization244

To investigate the effect of the viscosity regularization, we performed 50 simula-245

tions with identical material parameters but different spatial resolutions dxmin (mini-246

mum cell size: 0.125 - 2 m for a 10 km domain) and regularization viscosities ηreg (109247

- 1018 Pa s). All simulations with ηreg < 1015 Pa s exhibit the same stress evolution. For248

larger ηreg, localization is restricted by the regularization, resulting in a slower and in-249

complete stress release (Fig. 4a).250

In Figure 4b, we show ε̇vi-T -paths of experiments with different regularization vis-251

cosities. All models start in LTP, transition to dislocation creep and undergo an increase252

in viscous strain rate (localization) which is followed by heating (thermal runaway). In-253

dependently of ηreg, all simulations return to the same location in T -ε̇vi-space after the254

runaway due to thermal diffusion. Colored dots indicate when each model starts to be255

affected by the regularization which prevents the effective viscosity to decrease and strain256

rate to increase further.257

Maximum slip velocities (Vmax) are inversely correlated with ηreg and only become258

weakly resolution dependent at low ηreg (Fig. 4c). We observe a similar inverse corre-259

lation between ηreg and the maximum temperature (Tmax) which does however break at260

low ηreg (inset of Fig. 4c).261

To quantify the width of the shear zone (dSZ), we calculate the full-width-half-maximum262

(FWHM) of the strain rate peak when the model reaches its maximum velocity (see in-263

set in Figure 4d). dSZ decreases exponentially with decreasing ηreg and is independent264

of the spatial resolution until it reaches the size of a single cell (Fig. 4d).265

Based on the results presented in this section, we choose a resolution equivalent266

to the orange lines in Figure 4c,d for the parameter study. This means that the size of267

the central quarter of the cells is a ten-thousandth of the domain size (e.g., 1 m for 10268

km). In addition, we utilize ηreg = 1012 Pa s to optimize performance while not signif-269

icantly changing the mechanics of the problem.270

3.3 Nondimensionalization271

Thermal runaway occurs for a range of different material parameters and bound-272

ary conditions. We find some general trends like high background strain rate and large273
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Regularization kicks in

Figure 4. Effects of spatial resolution (dxmin) and regularization viscosity (ηreg). (a) Tempo-

ral evolution of stress for different ηreg. Note that simulations with ηreg = 1010-1015 Pa s all plot

on top of another. (b) Temperature and viscous strain rate evolution in the center of the model

for different ηreg. Black dashed lines and labels show the stability fields of the different defor-

mation mechanisms (see Figure 1). Circles indicate when the respective experiments start to be

affected by the regularization. Arrow indicates direction of temporal evolution. (c) Maximum slip

velocity as function of resolution and ηreg. Inset shows maximum temperature. (d) Shear zone

thickness (FWHM of strain rate anomaly, see inset) as function of resolution and ηreg. Dashed

lines show the size of dxmin.

model domains leading to thermal runaway more frequently (supplementary Figure S1)274

but no single parameter can yield a reliable prediction whether runaway occurs or not.275

To uncover the underlying mechanisms and identify the crucial scales that can predict276

the occurrence of thermal runaway, we nondimensionalize the energy conservation equa-277

tion (eq. (4)). We define characteristic values for temperature (Tc), stress (τc), time (tc)278

and length (lc). Then, each dimensional quantity is replaced by the product of the ap-279

propriate characteristic value and the nondimensional quantity:280
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T = Tc T
′, x = lc x

′, t = tc t
′, τ = τc τ

′, (20)

where the subscript c denotes each characteristic scale and ′ denotes the nondimension-281

alized quantities. Applying this scaling to equation (4) yields:282

∂T ′

∂t′
= tc

κ

l2c

∂2T ′

∂x′2
+
tc
Tc

1

ρCp
τcτ

′ ε̇vi, (21)

where

κ =
λ

ρCp
. (22)

Based on the observations in section 3.1, we make the following assumptions to de-283

fine the characteristic scales for time, temperature, stress and length:284

(i) The occurrence of thermal runaway is governed by the conditions when stress re-285

laxation starts (black crosses in Figure 2).286

(ii) Stress relaxation starts after the transition from elastic loading to dislocation creep287

or after the transition from low-temperature to dislocation creep.288

(iii) There is no significant amount of temperature change during elastic loading.289

(iv) Temperature change before stress relaxation is homogeneous in the model domain.290

Following from these assumptions, we define the characteristic scales as follows:291

lc = h, (23)

Tc = max(T0, Tt), (24)

τc = min(τdis,0, σb), (25)

tc =
τc ω0

2 ε̇bgG
, (26)

where292
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Tt =
Qdis

ln

(
σnb fan ω0Adis

ε̇bg

) ,
τdis,0 =

(
ε̇bg

fan ω0Adis
e

Qdis
T0

) 1
n

,

Qdis =
Edis

R
,

fan =
1

ω0
+

h

2L

√
π

ln(2)

ω0 − 1

ω0
erf

(
L

h

√
ln(2)

)
.

(27)

h is the full-width-half-maximum of the anomaly, T0 the initial temperature, σb the back-293

stress of low-temperature plasticity, ω0 the perturbation in the center of the anomaly,294

ε̇bg the background strain rate imposed by the boundary conditions, G the shear mod-295

ulus and fan describes the shape, size and strength of the anomaly. A detailed deriva-296

tion is presented in the supplementary text S1. Equations (24) and (25) unite the sce-297

narios that reach σLTP (Tc = Tt, τc = σb, Figure 2a,c) with those that do not (Tc =298

T0, τc = τdis,0, Figure 2b,d).299

Substituting the characteristic scales lc and tc into equation (21) yields300

∂T ′

∂t′
=

τc ω0

2 ε̇bgG︸ ︷︷ ︸
tr

κ

h2︸︷︷︸
t−1
d

∂2T ′

∂x′2
+

1

ρCp Tc︸ ︷︷ ︸
u−1
th

τ2c
2Gfan︸ ︷︷ ︸
uel

ω(x) τ ′n+1 e
Qdis
Tc

T ′−1
T ′ . (28)

where tr is the stress relaxation time scale of the host rock, td is the thermal diffusion301

time scale of the anomaly, uth the thermal energy density and uel the stored elastic en-302

ergy density (full derivation in supplementary text S1). For readability, we do not sub-303

stitute in Tc and τc at this point.304

3.4 Nondimensional regimes305

The nondimensional analysis suggests that temperature evolution is characterized306

by two scales. (i) tr/td, the ratio between the characteristic stress relaxation time and307

the characteristic heat diffusion time. (ii) uel/uth, the ratio between the characteristic,308

elastic energy density and the characteristic thermal energy density. This scale repre-309

sents the conversion of elastic energy to thermal energy during the runaway (e.g., Ogawa,310

1987; Kameyama et al., 1999; Regenauer-Lieb & Yuen, 2003). We observe that the en-311

tire model domain releases stress (i.e., elastic energy), but the majority of heating oc-312

curs in the anomaly. Therefore, we multiply uel by the domain size L and uth by the anomaly313
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size h to obtain absolute energies instead of energy densities. This yields the following314

4 scales:315

tr =
τc ω0

2 ε̇bgG
,

td =
h2

κ
,

Uel = uel L =
τ2c L

2Gfan
,

Uth = uth h = ρCp Tc h.

(29)

The occurrence of thermal runaway is accompanied by a spike in temperature and316

velocity, along with a rapid decrease in stress (Figure 3). To identify models with a tem-317

perature spike, we calculate ∆Tex, the difference between the maximum temperature and318

the temperature at the end of the simulation. Plotting ∆Tex against the ratios tr/td and319

Uel/Uth reveals that all simulations with an ω0 between 2 and 10 fall into two regimes320

with little overlap (Figure 5a). Maximum temperature rise, maximum temperature gra-321

dient, maximum stress gradient and maximum velocity increase all show near identical322

patterns (supplementary Figure S2).323

If stress relaxation is fast compared to heat diffusion (low tr/td) and the stored elas-324

tic energy is large compared to the thermal energy (high Uel/Uth), thermal runaway oc-325

curs. The regime boundary is well defined for Uel/Uth > 0.5, but changes slope for lower326

values. Runaway cases at Uel/Uth < 0.5 exhibit lower ∆Tex, (i.e., less pronounced tem-327

perature peaks).328

For ω0 <= 1.1 and ω0 = 100, we observe about 50 models that plot in the run-329

away field without showing the characteristics of thermal runaway (Figure 5b). The causes330

for these deviations are discussed in section 4.3.1.331

4 Discussion332

4.1 Regularization333

The regularization viscosity in our rheological model inhibits localization to one334

cell which would lead to temperatures beyond 10’000 ◦C and viscosities < 1 Pa s. By335

providing a lower viscosity limit, the regularization facilitates numerical stability and re-336

sults in shorter solution times.337
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Stable

Runaway
(b)

(a)

Runaway

Stable

Runaway

Stable

Figure 5. Maximum excess temperature rise ∆Tex as a function of two non-dimensional

parameters. tr/td denotes the relation between the stress relaxation time scale and the heat dif-

fusion time scale. Uel/Uth denotes the ratio between elastic and thermal energy at the start of

stress relaxation. Area between dashed blue lines is the transition from the stable to the runaway

regime. (a) Models with ω0 = 2 − 10. (b) All models. Insets show same plots but high ∆Tex plot

on top of low ∆Tex. Note that the colorbar is truncated towards low values.
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Furthermore, ηreg allows us to introduce a grid-independent length scale that con-338

trols the minimum width of the localized shear zone. As long as this length scale is larger339

than the maximum model resolution, shear zone width, maximum slip velocity and max-340

imum temperature are all resolution-independent, showing exponential relationships with341

ηreg (Fig. 4).342

Up to and including ηreg = 1015 Pa s, we observe no significant changes in the stress343

evolution of the models (Figure 4a). While this value is large in the context of our study,344

it is still well below the lower viscosity cut-off of geodynamic models which is commonly345

1018 Pa s or even higher (e.g., Thielmann & Kaus, 2012; Piccolo et al., 2019; Glerum et346

al., 2018). This implies that thermal runaway with temperature and velocity spikes, as347

described in section 3.1, is unlikely to be observable in large scale geodynamic models.348

Maximum temperature changes and heating rates in such studies are usually limited (e.g.,349

Leloup et al., 1999; Hartz & Podladchikov, 2008; Thielmann & Kaus, 2012; Devès et al.,350

2014; Schmalholz & Duretz, 2015).351

4.2 Low-temperature plasticity352

Diffusion and dislocation creep flow laws for olivine predict viscosities greater than353

1024 Pa s for the cores of subducting slabs (e.g., Karato et al., 2001; Billen, 2010; Li et354

al., 2019). Even for strain rates as low as 10−15 s−1, these viscosities imply stresses of355

more than 2 GPa. As low-temperature plasticity limits stresses to less than 2 GPa, it356

plays a crucial role in such settings. Under loading, LTP causes stress to plateau for sev-357

eral thousand years before temperatures are high enough for dislocation creep to relax358

the stress and potentially trigger thermal runaway.359

This has implications for studies that do not include LTP in their rheological model.360

Unless initial temperatures are high enough for other creep mechanisms to limit stresses361

to less than 2 GPa, the models will reach conditions that should be naturally inadmis-362

sible (e.g., Kameyama et al., 1999). This leads to much more violent runaway events as363

the released elastic energy is proportional to the square of the stress before release (eq.364

(28)). As an example, the parameter set used for Figure 4 with ηreg = 1012 Pa s pro-365

duces a maximum temperature of 144’000 ◦C when LTP is not considered compared to366

5’500 ◦C with LTP.367
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The influence of LTP also complicates the definition of a critical stress that can trig-368

ger thermal runaway as presented by Braeck et al. (2009) because this critical stress might369

be unreachable due to low-temperature plasticity. Instead, LTP allows for models to sig-370

nificantly heat up at the LTP-limit and eventually enter thermal runaway at much lower371

stresses than would be predicted by a scaling law not considering LTP. Whether LTP372

helps or hinders thermal runaway is discussed in section 4.3.2.373

4.3 Nondimensional scales374

Elastic loading, heating at the LTP-limit, stress relaxation, thermal runaway, reload-375

ing and repeated relaxation are all transient processes that depend on the current con-376

ditions, opposed to the initial conditions and are therefore inherently difficult to predict.377

This problem gets amplified by nonlinear relationships such as composite rheologies that378

include dislocation creep and/or low-temperature plasticity. On top of that, heat diffu-379

sion causes time- and space-dependent temperature conditions while strain localization380

does the same to strain rate conditions and reduces the size the anomaly.381

To approach this challenge, we decide to approximate the conditions at stress re-382

lease by the transition from LTP-dominated to dislocation-dominated creep (eq. (24)-383

(26)). Furthermore, we assume that beyond these conditions, the system is entirely gov-384

erned by dislocation creep and disregard diffusion creep. This allows us to identify two385

nondimensional numbers (tr/td and Uel/Uth) that can estimate the occurrence of ther-386

mal runaway based on the material’s rheological and thermal properties, size of system387

and anomaly, as well as initial temperature and background strain rate.388

tr/td describes the competition between heating by stress relaxation and cooling389

by diffusion, a concept already described by Gruntfest (1963) that reappears in differ-390

ent studies on ductile localization (e.g., Yuen et al., 1978; Ogawa, 1987; Kiss et al., 2019).391

Uel/Uth is the ratio of elastic to thermal energy at stress release. The conversion of the392

former into the latter has been named as the driver of thermal runaway (e.g., Ogawa,393

1987; Kameyama et al., 1999; Regenauer-Lieb & Yuen, 2003). Thermal runaway is fa-394

cilitated by a low tr/td (i.e., stress release is faster than thermal diffusion) and a high395

Uel/Uth (i.e., stress and deforming domain are large while temperature is low).396

Despite the aforementioned transient processes and nonlinear relationships, these397

two ratios split all experiments with 2.0 <= ω0 <= 10 into a stable and runaway regime398
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(Figure 5a). The regime boundary follows the relationship tr/td ∝ (Uel/Uth)
2 for most399

models, but bends towards a minimum Uel/Uth of about 10−3. This suggests that there400

is a minimum required energy ratio to cause thermal runaway. Braeck et al. (2009) ob-401

serve a similarly shaped regime boundary for the initial stress which they term ”criti-402

cal stress”.403

4.3.1 Failed runaway404

Figure 5b shows that about 5% of models with ω0 <= 1.1 or ω0 = 100 do not405

undergo thermal runaway despite falling in the runaway regime. The vast majority of406

these models have an ω0 <= 1.1 and share a common feature: As the difference between407

host rock and anomaly is very small, localization is slower than stress relaxation. This408

means that large portions of the stored elastic energy are converted to heat outside the409

anomaly, thus violating the assumptions that the scaling is based on. When these mod-410

els localize, there is not enough elastic energy left to cause a temperature spike. Many411

of them still show a period of rapid stress drop and temperature rise towards the end412

of the relaxation (solid lines in Figure 6a,b), but they are much closer to what Braeck413

et al. (2009) termed ”adiabatic runaway”. If the scaling could account for the delayed,414

and therefore smaller, stress drop, these models would plot at lower Uel/Uth in the sta-415

ble regime (Figure 5b).416

Figure 6. Failed runaways. Solid lines show stress and temperature evolution for representa-

tive models that did not experience thermal runaway but plot inside the runaway regime (Figure

5b). (a,b) ω0 <= 1.1 with delayed stress localization. Dashed lines show same parameter com-

binations with ω0 = 2 exhibiting thermal runaway. (c) ω0 = 100 with incomplete localization.

Dashed lines show the same model with ω0 = 10 exhibiting thermal runaway.

For the few models with ω0 = 100 that do not undergo runaway despite falling417

in the runaway regime, we propose that the difference between host rock and anomaly418
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is too large for the models to exhibit progressive localization inside the anomaly. Con-419

sequently, heat is distributed in a larger area and the anomaly does not weaken enough420

to result in thermal runaway. 5 out of 7 of these models result in thermal runaway for421

a lower values of ω0 (dashed lines in Figure 6c). The fact that some settings are more422

likely to result in thermal runaway by increasing ω0 (Figure 6a,b) and others by decreas-423

ing ω0 (Figure 6c) demonstrates the complex transient interactions that are difficult to424

fully capture in a scaling.425

4.3.2 Comparison to previous studies426

In this study, we propose that thermal runaway is governed by the ratios tr/td and427

Uel/Uth. Similar nondimensional scalings have been proposed in previous studies. Ogawa428

(1987) presents three scales, the Gruntfest number (Gruntfest, 1963), similar to the in-429

verse of tr/td, a ratio of elastic to ductile stiffness which bears similarities with the in-430

verse of Uel/Uth and a quantity characterizing the anomaly strength and size. Braeck431

et al. (2009) include the anomaly description into the other two scales to reduce the prob-432

lem to two ratios. The first of which is almost identical to tr/td whereas the second one433

relates the boundary stress to a critical stress derived from an analytical solution. Fur-434

thermore, our characterization of the anomaly (fan) is similar to the one used by Braeck435

et al. (2009). Both of the previous studies describe a rheology consisting of elasticity and436

dislocation creep, neglecting the stress-limiting effect of LTP which is included in equa-437

tion (28) and the potential interference of diffusion creep. On top of that, the study of438

Braeck et al. (2009) applies stress boundary conditions which exclude the transient ef-439

fects that occur during loading and low-temperature plasticity.440

The nondimensional scaling also agrees with previous studies which show that higher441

background strain rates (lower tr/td) facilitate thermal runaway while higher initial tem-442

peratures (larger Uel/Uth) hamper it (Kameyama et al., 1999; Kaus & Podladchikov, 2006;443

Thielmann, 2018).444

Kameyama et al. (1999) concluded that LTP inhibits thermal runaway for constant445

strain rate boundary conditions by lowering the maximum stress and thereby the amount446

of viscous dissipation. Given the quadratic dependence of Uel/Uth on maximum shear447

stress (eq. (29)), LTP does in fact have a negative effect on thermal runaway probabil-448

ity at low temperatures. It does, however, not inhibit it (Figures 2-4), and often just de-449
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lays the runaway. The reason LTP inhibited runaway in Kameyama et al. (1999) is the450

use of a thermal anomaly which diffuses away during the delay caused by LTP.451

4.4 Design choices and limitations452

Numerical models inherently involve some artificial components like the initial anomaly453

(Figure 1a). The majority of previous studies chose a temperature perturbation (Yuen454

et al., 1978; Ogawa, 1987; Kameyama et al., 1999; Kaus & Podladchikov, 2006; Braeck455

et al., 2009; Kiss et al., 2019) whereas we use a rheological perturbation, similar to Thielmann456

et al. (2015). Such a local change in material property is consistent with a heterogene-457

ity in composition or water content and has the advantage of being independent of time458

(John et al., 2009). Thermal anomalies diffuse over time and smear out for low strain459

rates (e.g., Kameyama et al., 1999) and small anomalies (e.g., Ogawa, 1987).460

Another arbitrary choice is the shape of the perturbation. The majority of previ-461

ous studies used a step-like perturbation with a sharp boundary and constant value wheres462

Yuen et al. (1978) employed a Gaussian-like perturbation. We tested both and observed463

that the Gaussian perturbation facilitates localization for large anomalies. In 131 cases,464

a step-like anomaly did not result in runaway and a Gaussian anomaly did (supplemen-465

tary Figure S3). There is also a very small number of cases (less than 10 out of 6000),466

where the step-like anomaly resulted in runaway and the Gaussian perturbation did not.467

Our rheological model does not account for the possibility of brittle failure and the468

ultimate strength of the crystal lattice. The Drucker-Prager yield criterion (Drucker &469

Prager, 1952) predicts a yield strength of 5 GPa for a pressure of 10 GPa (Table 1) and470

a typical friction angle of 30◦. The theoretical strength of atomic bonds is on the order471

10 % of the shear modulus (Renshaw & Schulson, 2007) which equates to 4 - 16 GPa for472

our parameter range. With LTP, such stresses are unreachable.473

We neglect the inertial terms from equation (3) as they do not influence the oc-474

currence of thermal runaway but only become important at the late stages of the run-475

away which are not the focus of our study.476

Adding grain size evolution to our rheological model or using a smaller initial grain477

size would likely result in lower characteristic stresses. Given the quadratic dependence478

of Uel/Uth compared to the linear dependence of tr/td on τc, this would reduce the like-479
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lihood of thermal runaway. Thielmann (2018) shows a similar result where reduced ini-480

tial grain size shifts the regime boundary towards lower temperatures and in a viscous481

lithosphere study, Foley (2018) concludes that grain size evolution limits temperature482

growth due to shear heating. However, Cross and Skemer (2019) suggest that dynamic483

recrystallization (i.e., grain size reduction) is strain dependent and that only about 10%484

of olivine grains recrystallize at a strain of 1 for olivine. Since our models all release their485

stress before reaching a strain of 1 (many at less than 0.1), we would not expect a sig-486

nificant amount of grain size reduction that could influence the thermal runaway.487

4.5 Implications for deep earthquakes488

Intermediate- and deep-focus earthquakes are commonly associated with the cold489

cores of subducting slabs (Houston, 2015; Zhan, 2020) which can reach depths of 500 km490

with temperatures ranging from 500 ◦C (Tonga) to 800 ◦C (Bolivia) (e.g., Gasc et al.,491

2022). Our models demonstrate that thermal runaway can occur at such conditions, even492

at lower strain rates than assumed by Gasc et al. (2022). Maximum slip velocities and493

strain rates reach the values associated with pseudotachylyte formation (v ≈ 1m s−1,494

ε̇ ≈ 1 s−1; Spray, 1995; Del Gaudio et al., 2009) which are commonly interpreted as the495

products of deep earthquakes (e.g., Andersen et al., 2008).496

We observe thermal runaway with rheological perturbations as low as 1% (ω0 =497

1.01) which suggests that natural heterogeneities in composition, water content or isotropy498

could all be sufficient triggers for deep earthquakes. The quadratic, inverse dependence499

of tr/td on the perturbation size h does however demonstrate that thermal runaway is500

unlikely to initiate at the mm-scale. This indicates that thermal runaway could be the501

second phase of a dual-mechanism process which is initiated by dehydration embrittle-502

ment (intermediate-depth) or transformational faulting (deep-focus) (McGuire et al., 1997;503

Bezada & Humphreys, 2012; Zhan, 2020). One could also imagine a scenario where large504

scale shear heating causes a moderate temperature rise which triggers transformational505

faulting which then seeds localized thermal runaway.506

5 Conclusions507

In this study, we present thermomechanical 1D models of velocity-driven simple-508

shear deformation with a visco-elastic rheology comprising diffusion creep, dislocation509
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creep and low-temperature plasticity. The rheological model is augmented by a regular-510

ization viscosity that provides stability during strain localization and removes resolution511

dependencies. Low-temperature plasticity plays a critical role in this system, limiting512

deviatoric stresses and thereby delaying thermal runaway by up to thousands of years.513

We observe shear zone formation accompanied by a moderate (100 - 300 K) tem-514

perature increase or thermal runaway accompanied by strong localization and a temper-515

ature surge of thousands of Kelvin. We derive two nondimensional ratios that combine516

initial conditions and material parameters and allow us to estimate the occurrence of ther-517

mal runaway. tr/td describes the competition of heat generation from stress relaxation518

and heat loss due to thermal diffusion whereas Uel/Uth compares the stored elastic en-519

ergy to thermal energy in the system. Thermal runaway occurs if tr/td is small and Uel/Uth520

is large.521

Our numerical experiments demonstrate that thermal runaway is a viable mech-522

anism to cause fast slip events that are in line with intermediate- and deep-focus earth-523

quakes, as well as pseudotachylyte formation at conditions comparable to cores of sub-524

ducting slabs.525
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